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Abstract We show that the only dynamic risk measure which is law invariant, time
consistent and relevant is the entropic one. Moreover, a real valued function ¢ on L>(a, b) is
normalized, strictly monotone, continuous, law invariant, time consistent and has the Fatou
property if and only if it is of the form c(X) = u~ ' o E[u(X)], where u : (a,b) —> Risa
strictly increasing, continuous function. The proofs rely on a discrete version of the Skorohod
embedding theorem.
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1 Introduction and main results

The theory of preferences and their numerical representations goes back to Bernoulli [4].
Axiomatic foundations have been given, among others, by Alt [1], von Neumann and
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190 M. Kupper, W. Schachermayer

Morgenstern [32], Savage [34], Ellsberg [15], Gilboa and Schmeidler [20] and Maccheroni
et al. [30]. If > is a preference order (c.f. Follmer and Schied [18, Sect.2.1]) on the set of all
probability distributions with bounded support in the interval (a, b), where —0o <a < b <
00, such that > satisfies the independence axiom and the Archimedean axiom (c.f. Follmer
and Schied [18, Sect.2.1]) then it has an affine numerical representation U, which under
additional continuity assumptions is a von Neumann-Morgenstern representation (c.f. Foll-
mer and Schied [18, Theorems 2.21 and 2.28]). The independence axiom is crucial for a von
Neumann-Morgenstern representation. It is demonstrated by Machina [29] and others (see
[29] for the references) that preferences which do not satisfy the independence axiom lead
to dynamic inconsistencies, at least if the preferences are not updated in an adequate way. In
this paper, we show that any numerical representation of a preference order which is defined
on the space of bounded random variables and which is strictly monotone, normalized on
constants, law invariant and time consistent, necessarily is (under some technical continuity
conditions, see Theorem 1.4 below) a certainty equivalent of an expected utility.

Here is the formal setting for our results. Let (2, F, (F;)sen,. P) be a standard fil-
tered probability space, i.e., (2, F, P) is isomorphic to [0, 1]Y0 equipped with its Borel
sigma-algebra B([0, 1]") and the product of Borel measures A™. The filtration (F)en, is
generated by the coordinate functions. We identify random variables which are a.s. identical.
All equalities and inequalities between random variables are understood in the a.s. sense. For
—o0 <a < b < o0, we denote by L*(a, b) = L*®(2, F,P; (a, b)) the set of all random
variables which are essentially bounded and take values in the open interval (a, b). LY°(a, b)
consists of all random variables in L°°(a, b) which are F;-measurable. Throughout we will
simply write L for L°°(—o0, 00) and L for L°(—o00, 00). For X,Y € L*®(a, b) we
write X <1 Y if Y (first order) stochastically dominates X, i.e., P[X <m] > P[Y < m] for
allm e R.

1.1 A representation result for law invariant, time consistent certainty equivalents

On L*°(a, b) we consider a preference order > with representation U : L*°(a, b) — R (c.f.
Follmer and Schied [18, Sect. 2.1]) such that X is preferred to Y if U (X) > U (Y). We assume
that U is law invariant, that is U(X) = U(Y) if X and Y have the same distribution. In the
literature, law invariant functions are also referred to as distribution based functions. Thus,
the representation U can also be viewed as a function acting on the probability distributions
with bounded support in (a, b). We further assume that there exists a certainty equivalent
co : L*®(a, b) — R for the numerical representation U, which is implicitly defined through
U(X) = U(cp(X)), X € L®(a, b). If in addition U (m1) > U(my) for all my, my € (a, b)
with m| > my, then the certainty equivalent is normalized on constants, i.e., co(m) = m for
all m € (a, b). Note that cq is a numerical representation for the preference order > and co
is strictly monotone exactly when U is strictly monotone.

Definition 1.1 A function ¢ : L*(a, b) — R is said to be

normalized on constants if co(m) = m for all m € (a, b);

strictly monotone if X > Y and P[X > Y] > 0 imply co(X) > co(Y);

law invariant if co(X) = co(Y) whenever law(X) = law(Y);

time consistent if for each ¢+ € Ny there exists a mapping ¢; : L*(a, b) — L{°(a, b)
which satisfies the local property

14X =14Y implies 1ac;(X) =lac,(Y) forall A e F;, X,Y € L®(a,b) (1)
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Representation results for law invariant time consistent functions 191

and
co(X) = co(c; (X)) forall X € L®(a, b). 2)

For any function ¢y : L®(a,b) — R which is normalized on constants and strictly
monotone, there exists at most one function ¢; : L*(a, b) — L7°(a, b), which satisfies
Egs. 1 and 2. If there exists such ¢;, one verifies that it is normalized on constants (¢; (m) = m
for all m € L{°(a, b)) and monotone (X > Y implies ¢;(X) > ¢;(Y)). In view of Eq. 2,
every time consistent function ¢o : L*(a, b) — L{°(a, b) restricted to U;enL{°(a, b) can
be computed by backward recursion

[ct(X):X ifr>T

r(X) = ¢r (cra1(X)) ift <T° )

where X € LY (a, b) for some T e N.

Definition 1.2 [12,26] Let E be a subset of L*°. A function f : E — R has the Fatou prop-
erty if f(X) > limsup,_, o, f(X,) for any || - ||sc-bounded sequence X, € E converging
to X € E in probability.

A function f : E — R has the Lebesgue property if f(X) = lim,_,~ f(X,), for every
|| - |]-bounded sequence X, € E converging a.s.to X € E.

Obviously, a function which has the Lebesgue property also has the Fatou property.
Let b%? denote a Bernoulli random variable taking the values +& and —e with probabilities
pand 1 — p.

Definition 1.3 A function f : L*°(a, b) — R satisfies the continuity condition (C) if for
any ¢ > Oandall x € (a,b) witha + ¢ < x < b — e thereis p = p(x) € (0, 1) such that

fx+b>7) < x. 4

Note that condition (C) is satisfied if f is strictly monotone and has the Fatou property.
Indeed, suppose that f has the Fatou property and let (p,),en C (0, 1) be a sequence with
Pn \ 0. Then, x + %P — x — ¢ in probability and the Fatou property and the strict
monotonicity of f imply

limsup f(x +b%P") < f(x —¢) < x.

n—oo

Hence, there is p,, € (0, 1) with f(x +b%"0) < x.
Our first main result can now be formulated as follows.

Theorem 1.4 Let (2, F, (Fi)ien,, P) be a standard filtered probability space and fix num-
bers —0o0 < a < b < 400. A function ¢y : L*°(a, b) — R is normalized on constants,
strictly monotone, || - ||so-continuous, law invariant, time consistent and satisfies condition

(C) if and only if
co(X) =u"" o E[u(X)] 5)

for a strictly increasing, continuous function u : (a, b) — R. In this case, the function u is
uniquely defined up to affine transformations of the formu +— oau + B, « > 0, B € R, and

a(X)=u"'oE[u(X) | F] forallt €N. (6)

The proof of Theorem 1.4 is postponed to the Sect. 3.
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Remark 1.5 Theorem 1.4 extends to a dynamic setting the representation results on means
by Nagumo [31], Kolmogorov [27] and de Finetti [16]. These representation results give

necessary and sufficient conditions for a function M(xi,...,x,) being a mean, i.e.,
M(xy,...,xy) = ¢_1(Z;’=1 ¢ (x;)) for a continuous, strictly increasing function ¢ and
any n > 1 and all values xi, ..., x, in an interval [a, b]. Hardy et al. [25] give a similar

representation result in terms of distribution functions. For further discussions on means, we
refer to Hardy et al. [25] and Bullen [5].

Building on the Nagumo-Kolmogorov-de Finetti Theorem, Cerreia-Vioglio et al. [7]
recently proved that a function ¢y : L® — R is of the form 5 if and only if ¢g is nor-
malized on constants, law invariant, monotone, has the Lebesgue property and satisfies

co(X1a) > co(Y1a) & co(X1a+ Z1ac) > co(Y1a + Z14c) (N
forall A € Fandall X,Y,Z € L. Lemma 2 in Carreia-Vioglio et al. [7] further shows
that for the case a = —o0 and b = +o00, the function ¢y is quasi-concave if and only if u is

concave.

Remark 1.6 For any continuous and strictly increasing function # : R — R, the functional
7(X) := u~! o E[u(X)] defines an insurance premium principle, which is called the mean
value principle (c.f. Gerber [21, Chapter 5, Sect. 4]). Gerber shows in [22] that any law invari-
ant premium principle 7 which is iterative (i.e. 7(X) = nw(7(X | Y)) forall X, Y € L,
where (X | Y) denotes the premium for X given the random variable Y) and for which
[0, 1] 2 p — = (b*P)is continuous and strictly increasing has to be the mean value principle.
Iterativity means that 77 is time consistent for every sub o-agebra G C F,i.e., forallG C F
there is mg : L — L°°(G) such that 7(X) = n(wg(X)) for all X € L*™ and 7g has the
local property Eq. 1. A premium principle = which is time consistent for all sub o -agebras
G C F satisfies Eq. 7 as w(X) = w(n5(1,)(X)) forall A € Fand all X € L.

It is shown in [21] that 7 is cash invariant (i.e. 7(X + m) = 7 (X) + m, m € R) if and
only if u is an exponential or linear function, see also Nagumo [31] and de Finetti [16]. Cash
invariant, time consistent and law invariant functions are discussed in the Sect. 1.2.

Remark 1.7 Suppose that, additionally to the assumptions of Theorem 1.4, we have co(X) <
E[X] forall X € L°(a, b) unless X is constant. Then u is strictly concave (see for instance
Proposition 2.35 in Follmer and Schied [18]).

1.2 A representation result for law invariant, time consistent dynamic risk measures

In this subsection, we consider functionals which are cash invariant (in the literature this
property is also referred to as translation invariance [2,3]). This extra condition allows us to
prove the main Theorem 1.4 for functions which are not assumed to satisfy condition (C)
and are relevant instead of strictly increasing.

Definition 1.8 A dynamic risk measure is a family (p;);en, of mappings p; : L — L°
such that, for all X, Y € L, the following properties are satisfied
(i) normalization: p,;(0) = 0;
(ii)  cash invariance: p; (X +m) = p;(X) —m forallm € L,
(iii) monotonicity: X > Y implies p;(X) < p;(Y).
A dynamic risk measure is
e convexif p;(AX + (1 —1)Y) < 1o (X)+ (1 —A)p;(Y) forall A € L° with0 <A <1
and all ¢ € Ny;
e law invariant if po(X) = po(Y) whenever law(X) = law(Y);
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Representation results for law invariant time consistent functions 193

e time consistent if po(X) = po(—p; (X)) for all t € Ny;
e relevantif pg(—ely) > Oforall A € Fandall e > 0.

The theory of risk measures has been initiated by the influential paper by Artzner et al.
[2]. Since then, risk measures have been generalized in several directions. For an overview of
static convex risk measures (mappings p : L°° — R which are normalized, cash invariant,
monotone and convex) we refer to Follmer and Schied [18]. We here are mainly interested
in law invariant risk measures which are studied for instance in Kusuoka [28], Frittelli et al.
[19], Jouini et al. [26] and Cheridito and Li [10]. For dynamic risk measures their represen-
tations and related concepts such as time consistency, we refer to Artzner et al. [3], Cheridito
et al. [8], Cheridito and Kupper [9], Follmer and Penner [17] and the references therein.

Remark 1.9 1t is shown in Jouini et al. [26] that any law invariant convex risk measure pg
automatically has the Fatou property.

Here is our second main result.

Theorem 1.10 Let (Q, F, (Fi)teNys IP) be a standard filtered probability space. The family
(pr)reN, is a law invariant, time consistent, relevant dynamic risk measure if and only if there
is y € (—o0, 0o] such that

1
pr(X) = —InE[exp(—yX) | ;] forallt € No. (8)
v
The limiting cases y = 0 and y = o0 are defined as
E[-X | F] y=0
X) = , 9
p(X) [esssupZEprIE[Z(—X) | Al y =00 ©)

where P; denotes the set of all positive integrable random variables Z with E[Z | F;] = 1.
In addition, the dynamic risk measure (p;)sen, is convex (resp. coherent) iff y € [0, o0]
(resp. y € {0, co}).

Note that esssupcp, E[Z(—X) | F;] is the time 7 conditional worst case risk measure.
Let us give some remarks and compare Theorem 1.10 with the existing literature.

Remark 1.11 Due to Corollary 4.59 in Follmer and Schied [18], any law invariant, convex
risk measure is relevant. As a corollary of Theorem 1.10 we deduce that any law invariant,
time consistent, convex dynamic risk measure is of the form Eq. 8 for some y € [0, oo].

Remark 1.12 Closely related to Theorem 1.10 is a result by Delbaen [13]. In a continuous
time framework, under a filtration for which all martingales are continuous, it is shown that
the only law invariant, time consistent, dynamic coherent risk measure (a dynamic convex
risk measure, which additionally satisfies p,(AX) = Ap,(X) for all A € (L)) is either
the negative of the expected value or the worst case risk measure. Independently of the pres-
ent paper, Delbaen presented at the Oberwolfach meeting (2008) on “Stochastic Analysis
in Finance and Insurance” a version of Theorem 1.10 in continuous time, under a filtration
generated by a Brownian motion. The result is based on a representation result for dynamic
penalty functions by Delbaen et al. [14].

Remark 1.13 A continuous time dynamic risk measure can be embedded in our discrete time
framework. Indeed, if (p;);c[0,7] is a time consistent, dynamic risk measure in continuous
time, then for any strictly increasing sequence 0 = ry < t; < --- ,t; € [0, T], the family
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194 M. Kupper, W. Schachermayer

Pn = py, : L — LZ" is a time consistent dynamic risk measure in discrete time. If pg = pg
is law invariant and relevant then Theorem 1.10 states that pp has to be the entropic risk
measure.

Remark 1.14 Every law invariant, time consistent, dynamic risk measure (po;)en, is additive
for independent random variables, i.e.,

po(X +Y) = po(X) + po(Y) forall X,Y € L* being independent. (10)

In Goovaerts et al. [24] it is shown that any risk measure satisfying Eq. 10 is a weighted
average of entropic risk measures:

—po(X) = G(—oo)ess.infX + / —%lnE[exp(—yX)]dG(y)
(—00,00)

+ (1 — (G(00)))ess.supX,

for an increasing function G : [—o0, oo] — [0, 1]. Related results for premium principles
satisfying a different monotonicity assumption have axiomatically been characterized by
Gerber and Goovaerts [23].

We finally sketch why Eq. 10 follows from the above assumptions. Indeed, there exist
X' € LS and Y’ € L5 such that Y’ is independent of 7y, law(X’) = law(X) and law(Y") =
law(Y). By Lemma 2.2 below, it follows

po(X +Y) = po(X" +Y") = po(X" = p1(Y") = po(X) + po(Y).

Remark 1.15 Weber [35] studies law invariant dynamic convex risk measures which satisfy
a weaker time consistency property. More precisely, he shows that if p; is weakly acceptance
and rejection consistent then pg has to be a shortfall risk measure.

Remark 1.16 Artzner et al. [3] and Cheridito and Stadje [11] provide explicit counter-
examples which demonstrate that the average value at risk AV @R and the value at risk
V @ R are not time consistent. Note that both risk measures are law invariant, but V @ R even
fails to be convex.

2 Proof of Theorem 1.10

Throughout this section, (Q, F, (Ft)ieNys IP’) is a standard filtered probability space.

Proof of the “if ”-part of Theorem 1.4 1t is straightforward to check that any dynamic risk
measure (p;)sen, of the form 8 defines a law invariant, time consistent, relevant dynamic risk
measure. O

Proof of the “only if ’-part of Theorem 1.4 Let (p;):en, be a law invariant, time consistent,
relevant dynamic risk measure. Let us define the collection of utility functions

5

I—exp(=yx)
uy(x) = I—exp(—y) %f)/ €R\ {0}
X ify =0

satisfying u,, (0) = 0, u, (1) = 1 and u), : R — R is increasing, for all y € R. For
every sequence (Yx)ken C R with yp — y € R, the sequence u,, converges uniformly on
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Representation results for law invariant time consistent functions 195

compacts to u, . The entropic risk measure with risk aversion parameter y € R is defined by

i _ .
o7 (X) = J/lnIE‘,[exp( yX)] %fy GR\{O}’ X L™
E[-X] ity =0
Note that p? (X) = —u; ' o E [u, (X)] forall X € L. o

Lemma 2.1 The collection of entropic risk measures p?, y € R, satisfies for all X € L™

(i) limy e o7 (X) = supzep, E[Z(=X)] = ess.sup(—X),
(ii) limy—>0 PV (X) =E[-X],
(iii)  lim,_, o p¥(X) = infzepy E[Z(—X)] = ess.inf(-X) and
@iv)  the function R > y +— pY(X) is increasing.

The set Py consists of all probability densities, i.e., all positive integrable random variables
ZwithE[Z] = 1.
Proof (i) follows from the well-known dual representation for the entropic risk measure (see
for instance in [8,17,18])
1
p7(X) = sup ‘E[Z(—X)]——E[ZIHZ]], XeclL®, y>0. (11
ZePy Y

Equation 11 further yields
ligb oY (X) =E[-X] and Ry 3y — pY(X) is increasing. (12)
Y
(i1)—(iv) then follow from (i), 12 and the equality p¥ (X) = —p~¥(—X) valid forall X € L*®
andall y e R. O

Lemma 2.1 justifies the Definition 9. Let p>° (p~°°) be defined as the worst (best) case risk
measure. Let by, by, b3, ... denote a sequence of independent Bernoulli random variables,
such that b, is independent of F;_| and assumes the values 1 and —1 with probabilities 1/2.
Define

Ne := po(eb1) implying po(eb1 +ne) = 0. (13)

Clearly, —e < n. < ¢. For instance, if pg is the worst case risk measure, then . = €. Define
Ye € [—00, oo] implicitly through p”¢ (¢b; + n.) = 0. In particular, if Y. € R, then

iy, (x) = E[uy, (x +eb; +n,)], forallx e R. (14)
The goal is to show that there exists y € (—o0, oo] such that
po(X) = p¥(X) forall X € L, (15)
which in turn implies Eq. 8.

Lemma 2.2 Lett € Nand X,Y € L™ with law(X) = law(Y) and Y is independent of F;.
Then, we have po(X) = p;(Y).

Proof Suppose that p;(Y) is not constant. Then, there exist m € R and A, A" € F; with
P[A] = P[A’] > 0 such that p;(Y) —m > Oon A and p;(Y) —m < 0 on A’. By time
consistency, local property and cash invariance of p,;, we deduce
po (Latm—pi(¥)))=po (La(=p: (Y +m)))=po (—p:(1a(¥Y +m))) = po(1a(Y + m))

(16)
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and analogously
po (ar(m — pi(Y))) = po(1a (Y 4+ m)). a7
On the one hand, since py is relevant, it follows
po (Ta(m —pi(Y))) > 0= po (1ar(m — p;(Y))) . (18)

On the other hand, law(14(Y 4+ m)) = law(1 4/(Y 4+ m)) implying that po(14(Y + m)) =
po(14/(Y 4+ m)) in contradiction to Egs. 16—18. Hence, p;(Y) has to be constant. Then, since
law(X) = law(Y), we get

Po(X) = po(Y) = po(—pi(Y)) = p(Y)

by time consistency and cash invariance of pg. This completes the proof. O

For any ¢ > 0, we define the random walk with drift

t
Rf :=R5+ Y (ebj+n), teNo, (19)
j=1

starting at R; € R. The following Lemma shows that any R® of the form Eq. 19 satisfies
o1 (RS) = —Ry forall s > ¢, which can be viewed as a generalized martingale property with
respect to the non-linear conditional expectation p;.

Lemma 2.3 Ler R® be a stochastic process which follows the dynamics Eq. 19 and let T be
a bounded stopping time. Then, we have po(R;) = —Ry,.

Proof We first show that
ps(R;. ) = —R; forall s € Np. (20)

Indeed, suppose that R{ assumes the values {xi, ..., xy}, e, P[RS € {x1,...,xn}] = 1.
In view of Eq. 19 we have

Y+1 Z {Rs—x } (Xn + €by+1 + 7)3)

n=1
Hence, the local property of p; yields

N
Ps(REL) = D ey} s (on + 8bsi1 +116) - 1)

n=1

Since law(x;, + ebs4+1 + ne) = law(x, + eby + 1) a.s., and x, + ebsy1 + 1, is independent
of Fs, Lemma 2.2 and Eq. 13 imply

Ps(xp + ebsy1 +ne) = po(xn + by + 1) = —xy. (22)

We then derive Eq. 20 from Egs. 21 and 22.
We next show by backward induction that

pi(R7) = —R;

INT

for all r € Np. (23)
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Indeed, since 7 is a bounded stopping time there is T € N with t < T. By cash invariance of
pr we have pr (R?) = —R? = —Rj., . For the induction step, we assume that Eq. 23 holds
forall t > s + 1. In view of Eq. 20, we deduce on A :={t > s + 1} € F;

1APS(R§) = 1A;0s(_,0s+l(Ri)) = 1A)Os(Rfs+1)/\T) = 1A10S(R§+1) = _1AR58/\T~ (24)

By cash invariance of p;, we deduce on A€ = {r < s}

lA")Os(Ri) = 1A"ps(_ps+l(Ri)) = lAL'ps(RfH_l)/\f) = lacpy (R_f/\l—) = _1A"R§/\f~
(25)

Combining Eq. 24 with Eq. 25 implies ps(R) = —R¢,,, and the induction step is completed.

[m}

&
SAT

Remark 2.4 For any R? of the form Eq. 19 with respective y, € R, the stochastic process
uy, (RY) is a martingale. Indeed, for all # € Ny we deduce from Eq. 14 that

E[uy. (1) | Fi] = Efuy, (RY + ebier +1me) | Fi] = uy, (R7). (26)

The proof is based on the following discrete version of the Skorohod embedding theorem
(see for instance Revuz and Yor [33, Chapter VI, Sect. 5], and the references therein).

Lemma 2.5 Let X € L™ and (gx)ren be a sequence tending to zero such that yi := ye, € R
and (yi)ren converges to some y € R as k tends to infinity. Then, there exists a subsequence
of (ex) (still denoted by (&x)), such that for any k € N we may find stochastic processes
RéT R~ of the form Eq. (19) as well as bounded stopping times c7k+ and oy, such that
X satisfies

R =1 X o= R 27)

k

and
Jim ty, (RG“T) —E [uyk(X)]) = lim ‘uyk(ng’*) —E [uy, (X)]’ =0. (28)
—00 —00

Proof A discrete version of the Skorohod embedding theorem is the heart of the construc-
tion. The technical details are a little messy but the basic idea is straightforward. For the
convenience of the reader we first informally sketch the idea. The process R® is a random
walk with drift. Further, u,, (R**) is a martingale. We approximate a given X € L in
law by the terminal value Rg¥, where o is a bounded stopping time. The goal is to have
Ugy (Rg") =E [usk (R?‘)] ~ E [usk (X)]. We first assume that X only assumes two values
X1 < xp. We start the random walk R® at RS" = u;kl oE [“yk (X)] € (x1, x2) and define the
stopping time o = inf {t € Ny | R{* ~ x| or R{* ~ x,}. By martingale convergence, o is
a.s. finiteand P[RS} ~ x1] ~ P[X = x;]and P[RS ~ x,] ~ P[X = x3]. We then need some
technicalities to make the meaning of “A” precise and to replace o by a bounded stopping
time. We then repeat the above argument along a binomial tree.

We now state the proof in full detail. It is enough to prove the lemma for random variables
X which assume 2V different values for some N e N. Indeed, approximate X € L* by
some X"V e L which takes 2V different values such that || X — XV ||oc < 1/N and

XV 4+ 1/N = X = XN —1/N.

@ Springer



198 M. Kupper, W. Schachermayer

Applying the lemma (valid for random variables X which assume 2% values) on XV +1/N
and XV — 1/N yields stochastic processes R®":*, R®N-~ and bounded stopping times
a,j  and o, such that

RENT > XN 4 1/N > X =1 XV — 1/N =, Rik;”’*

Ok, N kN
lim ‘MYk(ng*N*+) ~E [u,/k(XN + 1/N)]‘
k—00
= lim Ju, (R D) =B [, XY = 1/W) ][ =0.
k—o00
The claim then follows since for any k € N there is N = N (k) such that
B [y, XY 4+ 17| = B [, (0] = 17k

Suppose now that X takes the values x; < --- < x,v with respective probabilities
pi1, ..., pon. Let us introduce the finite probability space

(Q={w1,...,a)2N},ﬁ=2Q,ﬂA”={Pl,-~-,P2N})~

[ denotes the (conditional) expectation with respect to . The filtration Fo=0 (A ,ll s Aﬁn ),
n=0,...,N,is generated by the time n atoms

i 2N 2N 2N
A,’1=[wk|ke’1+(j—1)—,2+(j—1)—,...,jf”, j=1...2"
on on on

The random variable X = (X1,...,xyn) on (Q, F , 1[3’) has the same distribution as X on
(Q2, F,P). Fix k € N and define the stochastic process Y inductively by Y+¥ = X and

Yi=u,l ot [uyk(l?,fil +260) | ﬁn] . n=0,....N—1. (29)
Let )A),ll << )3,%" denote the 2" different values of the random variable Y, ¥, so that, by

construction A{; = {)A’,fk = % }. Further, let R®T be the stochastic process which follows

the dynamics 19 and starts at Rj* ™ = Y5+

Step 1. There exists an increasing sequence of a.s. finite stopping times0) = 69 < 61 < --- <

oy and foreachn =0, ..., N there is an almost sure partition (A{;)?Ilzl of  such that
RET =51 onAl, n=0,... N, j=1,.72" (30)
2’1 27[
> PAL > D Pl n=1,....N, j=2,...2" (31)
i=j i=j

In particular, ]F[Rf.rfl’+ > )7,{] > Py > )7,{] foraln =1,...,N,j = 2,...,2" and
therefore

RET =1 V%, n=0,...,N. (32)
The proof of Eqs. 30 and 31 is by induction onn = 0, ..., N. By construction R;k)’Jr > )A’g".
Fix 1 <m < N — 1. We assume that Eqs. 30 and 31 hold for all » < m and we will show

om+l1

that there exists a finite stopping time &,,4+1 > &, and an almost sure partition (Ain +1)j=1
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of € such that Egs. 30 and 31 also hold for m + 1. Fix 1 < jo < 2™. On A,’,?, the random
~2jo—1

variable Ym equals 3, := ym, whereas Ym takes the two values ym 41 = Yy and
A2
P 1= 3,7, Then
tty, ) = Pty Gy +280) + Plity (g1 + 2600, (33)

A

for the conditional probabilities 0 < p¢, p* < 1. On A,];?, the stopping time 6,1 is defined
by

Gmit = inf {t > G | RT e [59,,, 99, + 2e) or R > y;;,ﬂ} L (34
In view of Eq. 33 we deduce )Azzl_i_l + 2k < Im < Vp,41 + 26k, which together with Eq. 30

yields )7,‘111“ +ep < R:i;k’+. Due to Remark 3.4 u,, (R® ) is a martingale. Hence the mar-
m
tingale convergence theorem implies that 6,4 is a.s. finite. Thus, the sets

2j—-1 _ ek, + A2j—1 A2j—1

Am—H - {R(}m“ < [ym-H » Ym41 +2‘9k)} and
2j kot A2] .

A1 = {Rg,k,,ﬂ = ym—H] j=1..2"

form an almost sure partition of 2 and Eq. 30 holds for n = m + 1. Since u,, (R®%T)is a
martingale, Eq. 30 yields E[u,, (R Y1 AL > g, (Ym). If Rg"’+ > Y- then we have

Om+1

PIRE T > 50 | ARl = LIRS < S 1> then RE: e < § | + 26, which in view of

Egs. 33 and 34 leads to IP[R ot > 5 el | ARl>p .ThlS shows

PR > 54 | AR] > p* and IED[R“+ > 94 AR = 1 (35)

Om+1 —

We next prove Eq. 31 for n = m + 1. By construction,

BARIp" = BLAZY 1 and BLARI(1 — p*) = BIAZST).

On the one hand, if ]P’[A,{? 1> ]@’[A,’,? ], the induction hypothesis Eqs. 31 and 35 imply

2m+] om
A2 i 1
> PlAL 1 =PIARIPIRE T > 5200, [ A1+ > PlAL]
i=2jo i=jo+1
2m+1
> BLAR 15" Z B4, 1= > PIAL).
i=jo+1 i=2jo

On the other hand, if IP’[A,J;?] < I@’[A{f], we deduce

2jo—1 Jo—1
A2 T 1
> PlAL ] =PIARIPIRE Y < 500 | ART+ D PlAL]
i=1 i=1
N Jo—1 N 2jo—1 N
< PLARI - py + D PlAL1= > PlAL].

i=1 i=1
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matl > ZIZSJIO P[AL ]. Moreover, if jo > 2 (only in this case we
have to check the induction hypothesis Eq. 31), we deduce

m+1 :
This shows Ziz:;b P[A!

om+1 om om om+1
S - S Sak- Y i
i=2jo—1 i=jo i=jo i=2jo—1

This completes the induction step.
Step 2. There is an increasing sequence of bounded stopping times 0 = oy < --- < oy such
that

RET = Yk, n=0,...,N. (36)
Indeed, since (c.f. 31) P[R “* > §11 > P[¥* > $/1foralln = 1,...,Nandall j =
2,...,2", the dominated convergence theorem implies 7 € N, such that
P[Rjij > $)1>P[¥?* > $J] foralln=1,...,Nandall j =2,...,2".

Hence, for the bounded stopping times o, = 6, A T we get Eq. 36.

Step 3. There is a subsequence of (gx), which we still denote by (&), such that Y, ol converges
toY, foralln =0, ..., N —1.Then, by continuity of u,, it follows uyk(Y;,k_]) — uy(¥Yn-1)
and Eq. 29 yields

0y, (P ) = I:uyk(X—l—ZSk) | Frne 1] —>IE[L¢V(X)|.7-"N 1]
showing that u],()A’N_l) = I@Z[uy(f() | ﬁN_l]. Backward induction yields

ty (F) = Bluy (0 | F] and [ (7) = Bluy, (%) | £21] > 0

foraln =0,...,N — 1.

In particular, since I@[uyk ()A( )] = Elu,, (X)], it follows
ty, (REF) = E [uy, (X)]‘ -0 37)

Using similar argument as before, there exist a stochastic processes R~ of the form Eq. 19
and bounded stopping times o, such that X > RS" and ‘uyk (REL )—E [u,,k (X)]‘ — 0.
O

We now finish the proof of Theorem 1.4. We distinguish between three different cases.

Case 1 There is a sequence (gx)ren tending to zero such that yx = y,, € R and (yk)ren
converges to some y € R as k tends to infinity. The sequence (u,, )ren then converges uni-
formly on compacts to the function u,,. Let X be a random variable in L*°. pg is monotone
with respect to >1. Indeed, let U be a random variable that is uniformly distributed on (0, 1).
If Yy, Y» are random variables such that Y| >; Y», then F Y_l ! (U) has the same distribution
as Y, F;zl(U) has the same distribution as Y3, and F;ll(U) > F)TZI(U). Since pg is law
invariant, one obtains that >-monotonicity implies >;-monotonicity. Hence, Lemmas 2.3
and 2.5 imply
+ 4+ _
00(X) > po(Rs’l} ) = —RY — 1im u,! o B [uy, (X)] = —u,' o E[u, (X)].

k—00

Analogously, it follows pg(X) < —it,, IoE [u,, (X)] showing that po(X) = p¥ (X).
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Case 2 There is a sequence (x)ken tending to zero such that lim infy_, o Yk = +o00. Let
X € L™, fix M € N and define y; := yx A M with respective 7, = p"*(exb1). By
Lemma 2.5 there exist R® of the form Eq. 19 and a bounded stopping times o} such that

RE =1 X and  lim Juz (RS — E[uz, 0] = 0. (38)

Define R;* := ng +~Z’j:1 (exbj + ng,). Since 7 < yi, Lemma 2.1(iv) implies 7, < 14,
and whence R;’; =1 RZ Lemma 2.3 in combination with Eq. 38 yields

p0(X) > lim sup po(R;i) =— liknl)icgf Ry} =—liminf R} =—uy, o E[up(X)] = p™ (X).

k—o00 k— 00

Taking the limes M — oo we deduce po(X) > supzep, E [Z(—X)] from Lemma 2.1(i).
Hence, pg is dominated below by the worst case risk measure, that is, pg has to be the worst
case risk measure itself.

Case 3 If there is a sequence (& )en tending to zero such that lim sup,_, , ¥k = —00, then
similar arguments as given in Case 2 imply that po(X) = inf zep, E [Z(—X)]. However, the
best case risk measure inf zcp, E[Z(—X)] is not relevant. Hence, the Case 3 is excluded and
we are left with either Cases 1 or 2. The proof is completed. O

3 Proof of Theorem 1.4

Throughout this section, (Q, F, (Ft)reNgs IP’) is a standard filtered probability space.

Proof of the “if ”-part of Theorem 1.4 Let us assume that cg : L°°(a, b) — R is of the form
ul o E[u(X)], where u : (a,b) — Risa strictly increasing, continuous function. Obvi-
ously, ¢p is normalized on constants, strictly monotone, || - ||so-continuous, law invariant and
satisfies condition (C). Moreover, for r € N we define ¢;(X) := u~! o E[u(X) | F;] and
deduce on A € F;

laci(X) = 1au " o B[u(X) | Fil = lau" o B[u(Y) | ] = 1aci(Y),
forall X,Y € L*(a, b) with X1, = Y14. Moreover,
cole (X)) =u oE[u (! oE[u(X) | F1)] = co(X),
showing that ¢y is time consistent. O

Preparations for the “only if ’-part of Theorem 1.4 Suppose that ¢y : L*®°(a,b) — R is
normalized on constants, strictly monotone, || - ||so-continuous, law invariant, time consis-
tent and satisfies condition (C). Lemma 2.2 specializes in the present context as follows.

Lemma 3.1 LerteNand X, Y € L*(a, b) with law(X) =law(Y) a.s. and Y is independent
of Fi. Then, we have co(X) = ¢;(Y).

Proof If ¢;(Y) is constant, then, since cq is normalized on constants, time consistent, law
invariant and law(X) = law(Y) a.s., it follows

¢ (Y) = coler (Y)) = co(Y) = co(X).
We therefore assume that ¢; (Y) is not constant. If ¢, (Y) < co(X) and P [¢,;(Y) < co(X)] > 0

then strict monotonicity and time consistency of cq yield co(Y) = co(c;(Y)) < co(X)
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which is a contradiction. Analogously, ¢;(Y) > co(X) and P [¢;(Y) > co(X)] > 0Ois absurd.
Thus, there exist A, A’ € F; with P[A] = P[A’] > 0 such that ¢;(Y) < co(X) on A
and ¢;(Y) > co(X) on A’. In view of the local property of ¢;, time consistency and strict
monotonicity of ¢y we deduce for m € (a, b)

co(1aY + Lgem) = co(c;(14Y + Lgem)) = co(lac, (Y) + 1pem)

< co(laco(X) + 1pacm) (39)
colaY + 1yem) = cole;(1aY +1gem)) = co(larci(Y) + 1yem)
> co(larco(X) + Lyem). (40)

On the other hand, law(14Y + 1gcm) = law(14/Y + 1 4em) a.s. as well as law(1 4co(X) +
Lacm) = law(1 4rco(X) + 1 4em) a.s., which in view of Egs. 39 and 40 is a contradiction to
the law invariance of ¢g. This shows that ¢, (Y) is a constant and whence co(X) = ¢,(Y). O

Let us fix a compact interval [A, B] C (a, b) for some A, B € R with A < B. For any
&y := (B — A)/n,n € N, we define

Ze, ={A+en, Ad+2e,, ..., A+ (n—2)e,, A+ (n — De,}.

Lemma 3.2 Forall ¢, and all x € [A + &,, B — &, there exist Bernoulli random variables
bi" (x) and b (x) taking the values +¢, and —s,, with probabilities

P[bY(x) = e,] = pY(x) and P[bY(x) =—g&,] =1— pf(x),
P [bf” (x) = sn] = p™(x) and ]P’[bi” x) = —s,,] =1-p™ (),

as well as increasing, continuous functions u;: :[A, B] — [0, 1] and Ug : [A, B] = [0, 1]
such that

co(x + bif ) <x, colx +b7(x)) >x, forallx € [A+ ¢, B—epl, 41)
uf () =E[uf x + b7 )], uy x) =E[ug, (x +b7(x)]. forallx €I, (42)

and

+
[ug,

—ug [l = 0. (43)
Proof Fix g,. For any x € [A + ¢,, B — ¢,] we define

p(x) :=sup{p €[0,1] | co(x +b*P) < x}. (44)
Recall that b* 7 denotes a Bernoulli random variable taking the values ¢ and —¢e with proba-
bilities p and 1 — p. Condition (C) implies that p(x) € (0, 1].

Step 1. There is an increasing, continuous function u, : [A, B] — [0, 1] such thatu,, (A) =
0, ug, (B) =1 and

e, (x) = E [ugn (x+ bsmp(”)] , forallx €7, . 45)

Indeed, define ii,, (A) = 0, ii,, (A + &,) = 1 and inductively

e, (A+ (k+ 1Dey) := lig, (A + ken) — (1 = p(ken)ite, (A + (k = Dey)]

p(ken) [

forallk =1,...,n—1.Thenug, (x) > iie, (y) forallx, y € Z,, withx > y. The normalized
function u,, (x) 1= itg, (x)/iig, (B), x € I, U{A, B}, then satisfies u., (A) =0, us, (B) =1

@ Springer



Representation results for law invariant time consistent functions 203

and Eq. 45. By linear interpolation u,, extends to an increasing function on [A, B], i.e., for
A+ ke, <x <A+ (k+ 1)eg, we define

ug, (A + (k+ Den) — ug, (A + ken)

&n

ug, (x) :=ug, (A +ke,) + (x — (A 4+ kep)).

Step 2. Let (p,j')keN be a sequence satisfying 0 < p,j' (x) < p(x) and p,j' (x) /' p(x) for all

x € [A+ey,, B—¢,]. Dueto Eq. 44 we have co(x +b°" P;r(x)) < xforallx € [A+¢,, B— sn]
Let u/g‘;("' denote the increasing, continuous function constructed in Step 1 associated to py T (x).
Then

Wit () = E [ulﬁ,’f (x L bl <x>)] , forallx € T, .

Further, since p,j (x) /" p(x) forall x € Z;,, the sequence (uﬁ;*)keN converges uniformly
on [A, B] to ug,. Hence, there is ko € N such that

,
b (x) i= b7 P and u} (x) == ufot (x)

satisfy Eqs. 41, 42 and |[uf — ue, oo < €,. Analogously, there exists a sequence p(x) <

pr (x) < 1 with p; (x) > p(x) forall x € [A +&,, B — &,] and co(x + b Pk ) > x for
all x € [A + ¢,, B — &,]. Note that strict monotonicity of cg yields co(x + by > x. Let
ulg‘ ~ denote the increasing, continuous function constructed in Step 1 associated to p, (x).
The sequence (ulg;_)keN converges uniformly on [A, B] to ug,. Again, there is ko € N such
that

b (x) = b0 and u (x) = ukm (x)
satisfy Eqs. 41,42 and |lu, —ug, lloo < 5. Together, ||u£n — g oo < 26p = Oasn — oo.
O
In view of Lemma A.1 there exists a subsequence of (g,) which we denote by (e;) such
that (u} L) and (u, ) converge pointwise to an increasing function u : [A, B] — [0, 1]. For

fixed k and t e No and any f, measurable random variable X with values in {x{, ..., xy},
Xi € [A+ ek, B—¢ggl, let bt 11 (X ) denote the F;;—measurable random variables bff‘HJr (X)
and b7%'"(X) with distribution

law(bfi’li(X) | X =x)= law(b (x)) forallx € {x1,...,xn}.

&,

Let (R )zeNo denote the stopped random walks which start at Ry~ € [A, B] and follows

the dynamics

£y e peeEy
REGE R:T 4+ b P (RT) ifr < i 46)
o R ifr >t
for the stopping times To = inf{t € Ny | R* £ €A, A+ eor R® + ¢ [B — &, B]},

where the infimum over the empty set is defined as +00. By construction, R®* are Markov
processes with values in (R + exN) N [A, B] and transition probabilities

]P)I:Rtgj-’li =X+ & | R;;k’i =x] = pjf(x)’
PRAE = — e | REF =x] =1 pL ().

Lemma 2.3 specializes to the present context as follows. The proof is a straightforward
modification.
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Lemma 3.3 Let R denote the stochastic processes which follow the dynamics Eq. 46
and let T be a bounded stopping time. Then, we have

co(RE 1) < ng’+ and co(R%7) > R~

Proof Suppose that Rf"’+ assumes the values {xy, ..., xy}. Due to Eq. 46 we have

N
Ek,+ _ 4+ £k,
Ry = Loz BT + g <oy Z Lpiet s, (x” +b4 (x,,)) :
n=1

The local property of ¢ yields
N
e (RET) = T s R 1y DT ey (xn 4 bfgf(x,,)) @)
n=1

Since law (x, + b4 (xn) | Fy) = law(x, + b (x4)) a.s., Lemmas 3.1 and 3.2 yield

cs(x, + bfir(xn)) = co(x, + bif (X)) < xp. (48)

We get cy(RS 11 ) < R from Egs. 47 and 48. We then proceed by backward induction as
in the proof of Lemma 2.3. O

Remark 3.4 Forany R® % of the form Eq. 46 starting at RS" * e Z¢, , the stochastic processes

(Ra‘ jE) are martingales. Indeed, since IP’[R’?" + € 7., ] = 1 forall t € Ny we deduce from
Eq 42 that
+ * gk £
B[ (RET) 1 7] = 1o B [ (RS 4+ 055 (RE5) | 7]

+ ==
e E[ul RED 1 A] =k (REF). @9)
Lemma 3.5 The functionu : [A, B] — [0, 1] is continuous and strictly increasing. For any
random variable X taking at most two values x1, x; € (A, B), we have

co(X) = u~ o E[u(X)].

Proof Step 1. Suppose that X assumes the values A < x; < x2 < B with probabilities
0 < p1,p2 <1 Let

) = @)™ piud (1 +x) + pauf (2 + 1)}

be a sequence of functions defined on [—«, k] for some ¥ > 0. The functions f;k“ are con-
tinuous, increasing and bounded by x| — k < fs‘kf (x) < xp +« forall x € [—«, k]. In view
of Lemma A.1, there exists a subsequence of (ej), which we still denote by (&), such that
f;kf converges pointwise to an increasing function f* : [—k, k] — [x] — &, X2 + «]. In this
first step, we assume in addition that 0 is a continuity point of f*. Define

Yok = ( {Plu (x1 + &x) + pau (2 +e0)} € [x1 + ex, x2 + &) (50)

Here, we assume that k is large enough such that x; 4+ 2¢; < B. Let R® T be defined as
the stochastic process which follows the dynamics Eq. 46 and starts at

Re"Jr —mm{x € Iy, |x>YO }e[x1+sk,x2+2£k].
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Define the stopping time
o :=inf {t >0 R*™" e [x, x; +¢&)or RO > xz}.

&k,

Due to Remark 3.4, the process u, (R ) is a martingale. Hence, the martingale con-

vergence theorem yields that o is a.s. finite. If R;" T > x; then P[RET > x5] = 1. If

Ry < x, then RET

< x2 + & and the martingale stopping theorem yields
prug (v + &) + pouf (o + ) < uf (REEY) = E [uf (vieh)].

Hence, P[RS t > x2] > p2. The dominating convergence theorem implies 7 € N such that

]P’[R?AJTr > x2] > pa. Hence, for the bounded stopping time af = o AT we end up with
R%T = X. 51)

+

Since 0 is a continuity point of ¥ we deduce from Lemma A.1

|t~ {prut (o1 + &) + paud (o + a0} — @)™ H {prut (1) + pauf ()} = 0

&t

as k — 00, and therefore in combination with Eq. 50 and | R, g"' | < &, we deduce

‘ng‘L @) o B [uf (X)]‘—>0 ask — o0. (52)
Analogously, if O is a continuity point of '~ defined as a converging subsequence of
for @) = )™ {prug, (1 + %) + paug, (x2 + )},
then there exist R~ of the form Eq. 46 starting at R;"~ € Z,, and a bounded stopping

: — ks~ ks~ —\—1 -
times o, such that X > ng, and Ry — (ug, )" o Elug, (X))l — 0.

Step 2.Suppose that X takes the values A < x1 < xp < B with probabilities 0 < py, p» < 1,
such that c¢o(X) is a continuity point of the function u. Fix § > 0. There exists x € (—«, 0)
such that X? taking the values x‘f = x1 + x and xg = xp + x with probabilities p; and p;

satisfies

() [eo(X) —co(X?)| <6,

(ii) co(X?) is a continuity point of u,
(iii)  x is a continuity point of £,
(iv) X > X%and||X? — X||eo < 3.

Due to Step 1, there are (R**) and (O‘k+) such that Egs. 51 and 52 hold, i.e.,

Rj"fL > X° and & =
k

R — @)™ o Buf (X)) > 0.

co is monotone with respect to > 1. Hence, Lemma 3.3 implies RSL t > co(RZ"+’+) > co(X®),
k

from which we deduce
) o E[uf (XD)] = co(X®) — &.
Since X > X?, X% assumes only two values, and co(X %) isa continuity point of u, we derive

E[u(X)] = E[u(X*)] = u(co(X?)), ask — oco.
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Finally, if we let § tending to zero, it follows || X® — X||oc — 0 and |co(X®) — co(X)| — 0.
Since co(X) is a continuity point of u, we conclude E[u(X)] > u(co(X)). Analogously, if
we approximate X by X from above and bound it by R% ~ from below, we get E[u(X)] <
u(co(X)). Together, we conclude E[u(X)] = u(co(X)) for any random variable X taking at
most two values in (A, B) and co(X) is a continuity point of u.

Step 3. The function u : [A, B] — [0, 1] is continuous. Indeed, suppose by way of contra-
diction that there is x € (A, B] such that u(x—) < u(x) (the case u(x) < u(x+) works
analogously). Since c¢q is || - ||co-continuous and strictly increasing, there exist sequences
(x7) and (x7) in (A, B) such that

i) xf <xj<x,x! /xrandx; /" x2 =x,
(i) co(X™) and co(X) are continuity points of u, and
(i) X" = X[loo — 0,

where X and X" assume the values {x, x»} and {x{‘, xé’} with probabilities 1/2. Indeed, the
function x; +— c¢o(X) maps from (A, x2) in (A, x2). Since the set of discontinuity points
of u in (A, x7) is countable and cy is strictly increasing, there are at most countably many
x1 € (A, xp) for which ¢o(X) is a discontinuity point of u. Hence, there is x; € (A, x2)
for which ¢g(X) is a continuity point of u. We then approximate X by X” from below in
L (A, B) such that co(X") are continuity points of u. Then, co(X") / ¢o(X) and Step 2
yields

E[u(X")] = u(co(X")) /" u(co(X)) = Eu(X)],

in contradiction to u(x}) " u(x2—) < u(x2). Whence, u has to be continuous. In particular,
Step 2 yields E[u(X)] = u(co(X)) for all random variables X taking at most two values in
(A, B).

Step 4. The function u : [A, B] — [0, 1] is strictly increasing. Indeed, by way of contra-
diction assume there exist A < r < s < B such that u(r) = u(s). Since u is not constant,
there exists ¢ < r such that u(f) < u(r) ort > s such that u(¢) > u(s). In the second case,
denote v := inf {x > s | u(x) > u(s)}. By continuity of u one has s < v < r and u(r) =
u(s) = u(v). Since cg is || - ||oo-continuous, there exists w € (v, t] such that co(X) < v,
where X is a random variable taking the values r and w with probability 1/2 each. If Y is a
random variable that is equal to v and w with probabilities 1/2, then co(Y) > v and therefore,
u(co(Y)) > u(co(X)). On the other hand, u(co(Y)) = E[u(X)] = E[u(Y)] = u(co(X)),
which is a contradiction. The proof is completed. O

Lemma 2.5 specializes to the present context as follows.

Lemma 3.6 Let N € Nand X € L™ (A, B) be a random variable taking 2N different values
with strictly positive probabilities. There exists a subsequence of (ex) (still denoted by (gy)),
such that for any k € N large enough, we may find stochastic processes R, R~ of the
form Eq. 46 as well as bounded stopping times a,f and o, such that X satisfies

&kt Ek>—
Rg; =1 X = ngf , (53)
and

: + ( pelot + _
i 5, 83 B[00 = i,

ug (RET) — IE[u;k(X)]‘ —0. (54
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Sketch of the proof The proof is a straightforward modification of the proof of Lemma 2.5.
In a first step, we define Ylf,k = X and

For= @ o Bluf (7 + e 1 £]. n=0. N1, (55)

on the filtered probability space (Q, F, (ﬁn)f,vz(), ]f”). Here we assume that g is small enough

such that ?,f" € (A+er, B—sgp)foralln =0, ..., N. We then define R 7 as the stochastic
process which follows the dynamics Eq. 46 and starts at

RET = min {x €Ty | x> f’gk] € (A, B).

The martingale stopping arguments given in the proof of Lemma 2.5 imply the existence of

a bounded stopping time 0,:' such that

R > X.

Ok

Finally, there is a subsequence of (&), which we still denote by (ex), such that )?,f * converges
to ¥, foralln =0,...,N—1. By continuity of u, the arguments given in Step 3 of the proof
of Lemma 2.5 imply |u§((f’g") — Elu} (X)]| — 0. Since |1?5" — RS"’+| < &, we conclude
Eq. 54. The proof for the lower bound works analogously.

Proof of the “only if ”-part of Theorem 1.4 Let [A, B] denote a compact interval in (a, b).
Fix X € L®(A, B)and§ > 0. By ||-||so-continuity of ¢, there exists X? taking 2V different
values, such that X° € L®(A, B), ||X° — X|loo < & and |co(X®) — co(X)| < 8. Since cg is
monotone with respect to >; we deduce from the Lemmas 3.3 and 3.6 that

Rz co(RIT) = co(X™) = co(RYT) = Ry
and therefore
ut (R —E[uf (X0)] = uf (co(X?) — E [u} (X))].
ug (co(X*)) —Efug, (X*)] = ug, (RG"7) — E[ug, (X%)].
Letting k tending to infinity yields u Vo E[u(X%)] > ¢o(X?) and ¢o(X?) > u=! o E[u(X?)]
and therefore co(X%) = u=! o E[u(X%)]. Letting § converging to zero, it follows
co(X) =u"'oE[u(X)] forall X € L®(A, B),

as u is uniformly continuous on [A, B].

Hence, for any compact interval [A, B] C (a, b) thereisu s p : [A, B] — [0, 1] strictly
increasing and continuous such that co(X) = uZ_lB oF [ua,p(X)]forall X € L°(A, B). We
next give some standard arguments showing that u4 g on [A, B] is uniquely determined up
to affine transformations. Suppose there exist two strictly increasing, continuous functions
u,i:[A, B] — R such that

coX)=u"oE[u(X)] =i ' oE[i(X)] forall X € L*(A, B). (56)

Define the strictly increasing and continuous function ¥ (x) = i o u=1(x). Then ii(x) =
¥ o u(x) and Eq. 56 yields it o u™! o E [u(X)] = E [@(X)]. This shows

YoE[u(X)]=E[you(X)] forall X € L*(A, B), 57)
and consequently ¥ (x) = ax + B for some « > 0 and 8 € R (approximate i uniformly

on compacts by polynomials). We therefore can extend u4, g : [A, B] — R with ¢p(X) =
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uy'y o Elua p(X)] forall X € L(A, B) to uy p : [A', B'] — R such that [A, B] C
[A’, B'], up, p restricted to [A, B] coincides with u4 g and co(X) = uX,I’B, o Elua, p(X)]
for all X € L*°(A’, B’). By exhausting (a, b) with compact intervals [A", B"] C (a, b),
there is a continuous and strictly increasing function u : (a, b)) — R which is unique up
to affine transformations and satisfies ¢o(X) = u~! o E[u(X)] for all X € L*®(a, b) with

values in some compact interval [A, B] C (a, b). By || - ||co-continuity of cq it follows that
co(X) = u~! o E[u(X)] for all X € L®(a, b) and the proof of Theorem 1.4 is completed.
O

Appendix A: Helly’s theorem

The following lemma is well-known. For the sake of completeness we give a proof.

Lemma A.1 Let f, : [A, B] — [0, 1] be a sequence of increasing, continuous functions.
Then, there is a subsequence ( f,,) and an increasing function f : [A, B] — [0, 1] such that

fu(x) = f(x) forallx e [A, Blask — oo. (58)

The function f has at most countably many discontinuity points. Moreover, fu, (xi) — f(x)
for any sequence xi € [A, B] which converges to some continuity point x € [A, B] of f.

Remark A.2 Helly’s theorem is usually stated as a convergence result only for the continuity
points of the limiting function f. It was observed in Campi and Schachermayer [6] that one
may also obtain convergence on the discontinuity points of f.

Proof Let(z;) jen beasequence running through 7 := [A, B]NQ. Let (f, ! ) be asubsequence
of (f) such that fn}( (z1) converges to f(z1) € [0, 1]. Let (fn,%) be a subsequence of (f”/l)
such that fnﬁ (z2) = f(z2) € [0, 1] and so on. Then, fnlli (x) = f(x) for all x € Z. The
function f is increasing on Z, i.e., for any x, y € Z with x < y it follows f(x) < f(y).
Therefore, f has at most countably many discontinuities (z;) j>1. Let (f¢ | ) be a subsequence
of (fn’;) such that fskl (x) > f(x)forall x € ZU {z1}, (fsz) a subsequence of (fgkl) such
that f§k2 (z2) = f(z2) and so on. Define f,, := fé,f which is a subsequence of (f;;). Then,
fa(x) = f(x) forall x € Uj>1{z;} UZ. By construction, any x € [A, B]\ (Uj>1{z;})
is a continuity point of f : Z — [0, 1], whence we define f(x) = lim,— o f(x,) for an
arbitrary sequence x,, € Z converging to x. The function f : [A, B] — [0, 1] is increasing.

Let xx € [A, B] be a sequence with limit x, and assume that f is continuous at x. Fix
8 > 0. There exist y;, y» € Z with y; < x < yp such that |f(y) — f(x)| < §/4 for all
vy € [y1, y2]. Furthermore, there is kg € N such that

yi<xe <y2, |fu, )= fODI= g [ fue (2) — f(y2)] < g for all k > ko.
Then
| e Oo0) = F)| < [ fu02) = FOO 4 [£00) = fu )|
< [fu02) = FOD|+FO0 ~ fuon)| 43 =5 forall k= ko,

In particular, f,, (x) — f(x)forall x € [A, B] and f is increasing. The proof is completed.
]
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