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Abstract The present paper analyzes the optimal investment strategy in a defaultable
(corporate) bond and a money market account in a continuous time model. Due to jumps in
the bond price our market model is incomplete. The treatment of information on the firm’s
asset value is based on an approach unifying the structural model and the reduced-form model.
Specifically, the asset value will be assumed to be observable only at finitely many time points
before the maturity of the bond. The optimal investment process will be worked out first for
a short time-horizon with a general risk-averse utility function, then a multi-period optimal
strategy with logarithmic and power utility will be presented using backward induction. The
optimal investment strategy is analyzed numerically for the logarithmic utility.

Keywords Corporate bond · Default risk · Utility maximization · Optimal investment

JEL Classification G11 · G12 · G14 · C61

1 Introduction

This paper addresses a utility maximization problem of an investor who can invest in a
defaultable (corporate) bond or shortsell such bond continuously over a finite time-horizon.
In order to pose this problem we need to adopt a model for the evolvement of the price of
the bond, the default time, and the recovery value in case of a default. There is an abundance
of literature available on this subject. The first work dates back to Black and Scholes [2]
and Merton [19]. These authors proposed to price a discount corporate bond as a contingent-
claim on the firm’s asset value, which is often assumed to be a (jump) diffusion process.
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A default is triggered when the firm’s asset value process first hits a pre-defined threshold.
This approach, called “structural”, has been extended and enriched by other researchers.
For example, Black and Cox [1] considered the default barriers as a safety covenant, Geske
[8] developed a model for pricing coupon bonds. In addition, Longstaff and Schwartz [16]
provided closed form expressions for the price of coupon bonds with a stochastic interest
rate and complex capital structures; Collin-Dufresne and Goldstein [4] proposed a model that
provided stationary leverage ratios and generalized the Longstaff and Schwartz [16] model
to a multi-factor case. However, the structural approach is criticized for its dependence on the
complete observability of the firm’s asset value process, which is arguable from an investor’s
point of view. In addition it yields a predictable default time which is counterintuitive. In
practice default always has a bit of a surprise effect participants in the financial market.

Another approach, called “reduced form” was developed in the 1990’s. In these models the
default time has an intensity and thus is not predictable. Typically the intensity is modeled as
a function of the state variables, and a default occurs when the cumulative intensity reaches a
unit exponential random variable that is independent of all state variables. The reader can find
several of papers on the reduced form models, including Jarrow and Turnbull [13], Jarrow
et al. [11], Madan and Unal [17], Lando [15] and Duffie and Singleton [7]. The reduced-form
approach yields a totally inaccessible default time, and integrates very well the techniques
developed for the default-free term-structure models ([20] or [22]). It also yields relatively
simple pricing formulas. However, the introduction of an exogenous exponential random
variable to determine the default lacks economic justification.

Despite the apparent difference between the structural and reduced-form models, resear-
chers noticed the connection between them and tried to unify the two models by means of
information reduction. An incomplete list of references consists of Duffie and Lando [6],
Collin-Dufresne et al. [5], Cetin et al. [3], Jarrow et al. [12] and Guo et al. [9,10]. Jarrow
and Protter [12] comment that the difference between the two approaches is whether the
information regarding the firm asset value can be observed by the market or not, and that
a structural model with a predictable default time can be transformed into a reduced-form
model with a default intensity by information reduction. Guo et al. [9] actually calculate the
default intensity in various reduced information models.

The purpose of this paper is to investigate the optimal investment in a defaultable bond.
While there is a sizable literature on the valuation of defaultable bonds, little work has been
done on optimal investment in such bonds. In our model an investor’s portfolio consists of
a bank account and a discount corporate bond. The investor observes the firm’s asset value
process only at discrete time points, i.e., we adopt the reduced information model. As pointed
out in Guo et al. [9] this seems to be a realistic assumption, since investors usually observe
the asset value when the firm provides its quarterly reports. The default will have an intensity
process in this case, as pointed out by the same authors. The asset value process is assumed
to follow a geometric Brownian motion, and the bond contract provides a constant default
boundary and a constant recovery rate. Default occurs if the asset value drops to the level
of the default boundary. The bond market is assumed to be frictionless with no transaction
costs, and investors can trade continuously in time. The interest rate is assumed to be fixed.
Meindl and Primbs [18] consider this problem through the reduced-form approach, using
receding horizon control and a simple binomial optimization technique.

In this paper, we derive an optimal investment strategy to maximize the investor’s expected
utility of wealth at a terminal time. The optimal investment process turns out to be continuous
when there is no corporate news coming in, but it has jumps at times of corporate news release;
by corporate news release we mean the announcement of the firm asset value. Due to the the
jumps of the bond price process at times of corporate news announcement, our market model
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is incomplete; please see an example for a non-hedgable contingent claim at the beginning
of the Appendix.

The remainder of this paper is organized in the following way. In Sect. 2 we present
the model of the firm’s asset value process and derive the bond price. In Sect. 3 we define
the optimization problem of an investor. In Sect. 4 we solve the problem assuming that
the terminal time for the optimization problem is short enough so that after the initial news
release at time zero there is no additional news release before the terminal time. We solve this
optimization problem for general utility functions. In Sect. 5 we study the cases of logarithmic,
power, and negative exponential utility functions. In Sect. 6 we generalize our solution to a
multiple period setting allowing an arbitrary number of news releases between the initial and
the terminal times. In Sect. 7 we discuss the numerical properties of the logarithmic utility
case. We use here backwards induction, and present closed-form solutions for the cases of
logarithmic and power utility functions. Finally, we summarize and give concluding remarks
in Sect. 8.

2 Model for the defaultable bond

Let (�,F, P)be a complete probability space and {Ft , t ∈ [0, T ]} be an augmented filtration,
where T is the maturity time of the defaultable bond issued by a firm. All processes appearing
in this paper will be adapted to the above filtration (though some will be adapted to a smaller
filtration as well). Let {Xt , t ≤ T } be the asset value process of the firm, and {pt ,Ft , t ≤ T }
be the price process of a zero coupon bond issued by the firm. Suppose that the face value
of the bond (the amount paid at maturity if default does not occur) is one unit, and F < 1
is the predetermined recovery of treasury paid at time T if default occurs. We assume that
the wealth of the firm can be observed only at times 0 = t0 < t1 < · · · < tn = T and at the
default time τ if such default happens before (or at) the maturity of the bond. Suppose that
X0 = x is a known constant. We model the asset value of the firm with a geometric Brownian
motion

d Xt = µXt dt + σ Xt dWt , t ≤ T (2.1)

where {Wt ,Ft ; t ≤ T } is a standard Brownian motion, µ and σ > 0 are known constants.
Let l > 0 be a constant representing the liabilities of the firm. The default time τ is defined
as inf{t ≥ 0 : Xt ≤ l}, i.e., the bond defaults when the asset value reaches the liabilities.
The risk-free interest rate r assumed to be a fixed constant.

The discounted asset value X∗
t = e−r t Xt satisfies

d X∗
t = (µ− r)X∗

t dt + σ X∗
t dWt .

We define

d ˜Wt = dWt + µ− r

σ
dt, t ≤ T (2.2)

and note that by Girsanov’s theorem [14, Theorem 3.5.1] {˜Wt , t ≤ T } is a Brownian motion
under the probability measure Q that is given by

d Q

d P
= ZT ,

where

Zt = exp

{

−µ− r

σ
Wt − (µ− r)2

2σ 2 t

}

, t ≤ T . (2.3)
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We cast the equations for the asset value and the discounted asset value in the form

d Xt = r Xt dt + σ Xt d ˜Wt

d X∗
t = σ X∗

t d ˜Wt

and express Xt as

Xt = x exp

{

σ ˜Wt +
(

r − σ 2

2

)

t

}

. (2.4)

The information available to the market is represented by the filtration {Gt , t ≤ T } where
the sigma algebra Gt at time t ∈ [ti , ti+1) is given by

Gt = σ {X0, . . . , X (ti ), Hu, u ≤ t} ,
with Ht being the indicator function

Ht = 1{t≥τ }, t ≤ T .

The above filtration represents the reduced information that has been mentioned in the
introduction. Had we assumed that investors have access to the larger {Ft ; t ≤ T } filtration,
we would have a structural model. However, in our model investors observe the asset value
only at the times of corporate news release t0, t1, . . . , tn , and observe default whenever it
occurs. As we already pointed out in the introduction, this is an incomplete market model.
Now we are in the position to make this statement a bit more precise. It is incomplete with
respect to the filtration {Gt ; t ≤ T } that represents the information available to the public. It
is clear from the derivation at the beginning of the Appendix that there are even bounded Gt

measurable contingent claims that can not be hedged. There is a unique martingale measure
Q but this is based on the larger filtration {Ft ; t ≤ T } that is available only to the insiders
of the firm. Using this larger information set would yield arbitrage opportunities since the
default time is predictable with respect to {Ft ; t ≤ T }. In other words, the discounted bond
price is not a Q-martingale with respect to the larger filtration {Ft ; t ≤ T } because it has
a negative jump at a predictable time. However, such trading is illegal and we assume in
our model that it is not happening. The arbitrage opportunity disappears if we switch to
the filtration {Gt ; t ≤ T } that is available to the investors since the discounted bond price
becomes a martingale. Market participants observing {Ft ; t ≤ T } are not allowed to trade
in the bond.

In order to compute the arbitrage-free price for the bond we need the distribution of τ
under Q. We express τ as

τ = inf{t ≥ 0 : Xt ≤ l} = inf

{

t ≥ 0 : σ ˜Wt +
(

r − σ 2

2

)

t ≤ log
l

x

}

= inf

{

t ≥ 0 : ˜Wt +
( r

σ
− σ

2

)

t ≤ 1

σ
log

l

x

}

,

and from Karatzas and Shreve [14, Sect. 3.5c] follows that

Q(τ > t) = ψ(t, r̃ , b(x))

where

r̃ = r

σ
− σ

2
, (2.5)

b(x) = 1

σ
log

l

x
< 0, (2.6)
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and the function ψ(·, ·, ·) is defined as

ψ(t, λ, κ) = 1 −
t
∫

0

|κ|√
2πu3

exp

{

− (κ − λu)2

2u

}

du. (2.7)

Clearly under the probability measure P we have

P(τ > t) = ψ(t, µ̃, b(x))

with
µ̃ = µ

σ
− σ

2
. (2.8)

Next we compute the price of the defaultable bond. We shall apply the general arbitrage-
free pricing formula

e−r t pt = e−rT
EQ
[

1{τ>T } + F · 1{τ≤T } | Gt
]

.

Clearly we have

e−r t pt 1{τ≤t} = e−rT F1{τ≤t}

so it suffices to compute the bond price on {t < τ }. Suppose that t ∈ [ti , ti+1) for some
i = 0, . . . , n − 1 and let

τi = inf {t ≥ ti ; Xt ≤ l} . (2.9)

On the event {t < τ } the discounted bond e−r t pt is given by

e−rT
EQ
[

1{τ>T } + F1{τ≤T } | X0, . . . , X (ti ), t < τ
]

= e−rT
EQ
[

1{τ>T } + F1{τ≤T } | X0, . . . , X (ti ), t < τ, ti < τ
]

= e−rT Q [τi > T | X0, . . . , X (ti ), ti < τ ] + F Q [t < τi ≤ T | X0, . . . , X (ti ), ti < τ ]

Q [τ > t | τ > ti , X0, . . . , X (ti )]

= e−rT
[

(1 − F)
ψ (T − ti , r̃ , b (X (ti )))

ψ (t − ti , r̃ , b (X (ti )))
+ F

]

.

For brevity we introduce

γ (u1, u2, z) = (1 − F)
ψ (u2, r̃ , b (z))

ψ (u1, r̃ , b (z))
+ F, (2.10)

and summarize our result: for t ∈ [ti , ti+1)

e−r t pt = e−rT γ (t − ti , T − ti , X (ti )) 1{τ>t} + e−rT F1{τ≤t}. (2.11)

This formula holds for t = tn = T as well. There is a jump of the price at τ and pτ < pτ−.
The bond price has additional jumps at times t1, . . . , tn−1. However, it is left-continuous at
the maturity time T .

3 The optimization problem

Let s ≤T be the terminal time of the investor andπt be the number of bonds held by her or him
at time t . All available funds not invested in the bond will be put in a bank account continuously
earning interests at rate r . The number of bonds πt may be negative corresponding to shorting
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the bond. Borrowing at the rate r is also permissible, but we shall require that the overall
wealth of the investor is almost surely non-negative at any time t ∈ [0, s]. Here are the
rigorous details of our requirements concerning investment processes.

Definition 3.1 A process {πt ; t ∈ [0, s]} is called an investment process if it is predictable
with respect to the filtration {Gt ; t ∈ [0, T ]} and πt = πτ on {t ≥ τ }.

Predictability of the investment process implies that it is also adapted to {Gt ; t ∈ [0, s]},
so the investor can base her or his decisions only on the available information. On the other
hand predictability prevents arbitrage at times t = τ or t = ti when the bond price has jumps.
The assumption that πt is flat on [τ, T ] (whenever τ < T ) is only a formality. In that case,
formally assuming that the investor holds the defaulted bond is identical to assuming that all
the wealth is put in a bank account earning the continuously compounded risk-free rate.

Let Vt be the wealth of the investor at time t . We postulate that the investor is self-financed,
so

dVt = πt dpt + (Vt − πt pt )rdt.

This holds on both {τ > t} and {τ ≤ t}. Obviously, it simplifies to dVt = r Vt dt if τ ≤ t .
We can write the discounted wealth V ∗

t = e−r t Vt (by Ito’s formula) as

dV ∗
t = e−r tπt (dpt − r pt dt) = πt dp∗

t , (3.1)

where p∗
t = e−r t pt is the discounted bond price. In particular, on {τ ≤ t} we have Vt =

Vτ er(t−τ).

Definition 3.2 A function as U : [0,∞) → R
⋃{−∞} will be called a utility function if

it is concave and strictly increasing on [0,∞), twice continuously differentiable on (0,∞),
the derivative function U ′(·) is strictly decreasing on (0,∞), and the following additional
requirements hold:

(i) limz→∞ U ′(z) = 0
(ii) the pseudo-inverse of U ′(·) defined as I (z) = inf{u ≥ 0 : U ′(u) ≤ z} satisfies

I (z) ≤ (z−m + 1)K1 for some m ∈ N, K1 > 0 and all z ≥ 0.
(iii) If U (0) = −∞ then −U (I (x)) ≤ K2 (xm + 1) for some m ∈ N, K2 > 0, and all

x > 0.
(iv) If U ′(0) = limz↓0 U ′(z) < ∞ then limϑ↓0 U ′′(ϑ) exists and is finite.

The function I (·) becomes the inverse function of U ′(·) if U ′(0) = ∞. Otherwise it is
strictly decreasing on

(

0,U ′ (0)
)

and zero on [U ′(0),∞).
The notation V π will be used for the wealth process corresponding to the investment

processπ whenever we want to emphasize this correspondence. We shall drop the superscript
π whenever it is possible without causing confusion.

Definition 3.3 An investment process will be called admissible if the corresponding wealth
process satisfies V π

t ≥ 0, almost surely, for all t ∈ [0, s].
We shall study the following optimization problem

max
{

E[U (V π
s )]; π ∈ A}

where A is the class of admissible investment processes satisfying E[U (Vs)
−] < ∞.

The last requirement is included in order to guarantee that E[U (V π
s )] exists.
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From (3.1) follows that for every investment process the corresponding discounted wealth
process {V ∗

t ,Gt ; t ≤ s} is a Q-local martingale [21, Chap. III, Theorem 29]. If the investment
process is admissible, then it is a non-negative local martingale hence also a supermartingale
under Q with respect to the filtration {Gt ; t ≤ s}. Let V0 = v be the fixed initial wealth at time
zero. The supermartingale property implies that for every admissible investment process the
corresponding terminal wealth satisfies the budget constraint

EQ(V
∗
s ) ≤ v (3.2)

4 Solution to the optimization problem for a short time-horizon

In this section we shall assume that s < t1 (the general case will be discussed in Sect. 6).
The random variable

ζs = E[Zs | Gs]
will play an important role in our analysis. Note that if Y is a Gs-measurable r.v., then
EQ(Y ) = E(ζsY ).

Theorem 4.1 Suppose that there exists an admissible investment process {π̂t , t ≤ s} such
that the corresponding wealth process {̂Vt , t ≤ s} satisfies ̂Vs = I (yζs) for some constant
y = y(s, x, v) > 0 and

EQ(e
−rs
̂Vs) = v. (4.1)

Then the investment process π̂ is optimal.

Proof First we show that E

[

(

U
(

V̂s

))−]
< ∞. This is obvious if U (0) > −∞ so we

assume that U (0) = −∞, in which case by item (iii) of Definition 3.2

E

[

(

U
(

V̂s

))−] = −E
[

U (I (yζs)) 1{U (I (yζs ))≤0}
] ≤ E

[

K2
(

ymζm
s + 1

)]

.

This last expression is finite since by Jensen’s inequality

E
[

ζm
s

] = E
[

(E [Zs | Gs])m
] ≤ E

[

Zm
s

] = exp

{

m(m − 1)
(µ− r)2

2σ 2 s

}

< ∞. (4.2)

Next we are going to show that π̂ is indeed optimal. By the concavity of U (·)
U (I (c)) ≥ U (a)+ [I (c)− a]c for all a ≥ 0, c > 0

thus

U (I (yζs)) ≥ U (Vs)+ [I (yζs)− Vs] yζs,

where Vs is the terminal wealth corresponding to an arbitrary admissible investment process.
After taking expectations we get

E
[

U
(

̂Vs
)] ≥ E [U (Vs)] + E

[

yζs(̂Vs − Vs)
]

.

Both ̂Vs and Vs are Gs-measurable, hence by (4.1) and (3.2) we have

E[U (̂Vs)] − E[U (Vs)] ≥ yE[ζs(̂Vs − Vs)] = yEQ(̂Vs − Vs) = yers[v − EQ(V
∗
s )] ≥ 0.


�
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In the rest of the section we shall identify the investment process π̂ characterized in the
above theorem.

Lemma 4.2 There exists a unique constant y = y(s, x, v)>0 such that EQ
[

e−rs I (yζs)
]=v.

Proof The function ξ(y) = e−rs I (yζs) is continuous and decreasing on (0,∞), satisfying
limy→0 ξ(y) = ∞ and limy→∞ ξ(y) = 0. The Monotone Convergence Theorem implies
that limy→0 EQ[e−rs I (yζs)] = ∞. Next we show that limy→∞ EQ[e−rs I (yζs)] = 0 and the
function y �→ EQ[e−rs I (yζs)] is continuous. Both properties will follow from the Dominated
Convergence Theorem once we established EQ[e−rs I (yζs)] < ∞ for every y ≥ 0. However,
by item (ii) of Definition 3.2

EQ[e−rs I (yζs)] ≤ e−rs
EQ[(y−mζ−m

s + 1)K1] = e−rs K1
(

y−m
E
[

ζ 1−m
s

]+ 1
)

,

and (4.2) demonstrates that this expression is finite (we have to replace m in (4.2) with (1−m).

�

Next we are going to represent the optimal terminal wealth in the form

I (yζs) = α · 1{s<τ } + β(τ) · 1{s≥τ } (4.3)

for some deterministic functionβ(t) = β(t, s, x, v) and non-negative constantα=α(s, x, v).
In order to simplify the notation we shall write b instead of b(x).

Lemma 4.3 In the previous expression for I (yζs), we have

β(t) = I

(

yeK t
(

l

x

)L
)

(4.4)

where L = (r − µ)/σ 2, K = (µ+ r − σ 2)(µ− r)/(2σ 2), and

α = I

(

y
ψ(s, r̃ , b)

ψ(s, µ̃, b)

)

. (4.5)

The constants µ̃, r̃ , b = b(x) and ψ have been defined in (2.5)–(2.8). The constant y =
y(s, x, v) is the one implicitly determined by Lemma 4.2.

Proof From (2.2)–(2.4) follows that

Zs = eK s
(

Xs

x

)L

. (4.6)

Xt is a Markov process, hence for all t ≤ s

E[Zs | τ = t] = E

[

eK s
(

Xs

x

)L ∣
∣

∣ Xu > l, ∀ u < t, Xt = l

]

= E

[

eK s
(

Xs

x

)L ∣
∣

∣ Xt = l

]

= E

[

eK s
(

Xs

x

)L ∣
∣

∣ F X
t

]

∣

∣

∣

Xt =l

= eK t
(

l

x

)L

,
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where the last identity follows from the fact that the process {eK t ( Xt
x )

L , t ≤ T } is a martingale
(see (4.6)).

If τ > s then

E[Zs | τ > s] = E[Zs · 1{τ>s}]
P(τ > s)

= Q(τ > s)

P(τ > s)
= ψ(s, r̃ , b)

ψ(s, µ̃, b)
.

It follows that

ζs = eK τ
(

l

x

)L

· 1{τ≤s} + ψ(s, r̃ , b)

ψ(s, µ̃, b)
· 1{τ>s},

which completes the proof. 
�
Lemma 4.4 The constant y = y(s, x, v) is determined by

e−rs

⎡

⎣αψ(s, r̃ , b)−
s
∫

0

β(t)ψ ′(t, r̃ , b)dt

⎤

⎦ = v,

where ψ ′ is the derivative of ψ with respect to the variable t .

Proof We have

v = EQ[e−rs I (yζs)]
= e−rs

EQ[α · 1{τ>s} + β(τ) · 1{τ≤s}]

= e−rs[αQ(τ > s)+
s
∫

0

β(t)Q(τ ∈ dt)]

= e−rs[αψ(s, r̃ , b)−
s
∫

0

β(t)ψ ′(t, r̃ , b)dt],

hence the lemma follows. 
�
We are going to search for the optimal investment process in the form

π̂t = h(t)1{t≤τ } + h(τ )1{τ<t} (4.7)

for some continuous function h(t) = h(t, s, T, x, v). In the following theorem we shall
identify this function. Note that if U ′(0) = ∞ then β(·) is continuously differentiable on
(0,∞) since U (·) was required to be twice continuously differentiable on (0,∞). However,
if U ′(0) < ∞ then there may exists a point u0 such that β(·) is continuously differentiable
on (0, u0) ∪ (u0,∞), but has a breakpoint in u0. Let β ′(·) be the derivative of β(·) with the
understanding that if β(·) has a breakpoint in u0 then β ′(u0) is arbitrary.

Theorem 4.5 The optimal investment process is determined by (4.7) where h(t) is continuous
on [0, s] and is given by h(t) = h(0)+ ∫ t

0 h′(u)du,

h(0) = erT

1 − F
· v − e−rsβ(0)

ψ(T, r̃ , b)
= v − e−rsβ(0)

p0 − e−rT F
, (4.8)

h′(t) = −er(T −s) β ′(t)
γ (t)− F

. (4.9)
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Formula (4.9) can be cast in the form

h′(t) = −e−r(s−t) β ′(t)
pt (τ > t)− e−r(T −t)F

(4.10)

where the notation pt (τ > t) represents the time-t value of the bond on the event{τ > t}.
Proof It is clear that the above defined function h(·) is either included in C1((0,∞)) or in
C1((0, u0) ∪ (u0,∞)), similarly to β(·). We are going to show that even in the second case
h(·) is continuous in u0. Suppose that indeed we are in the second case, so U ′(0) < ∞. We
need to show that the expression defining h′(t) on the right-hand side of (4.9) has finite left
and right limits in t = u0 which amounts to showing that both limt↑u0 β

′(t) and lim↓u0 β
′(t)

are finite. By (4.4) breakpoint u0 is determined by

y exp{K u0}
(

l

x

)L

= U ′(0).

If the above equation leads to a nonpositive value for u0 then we are in the case of h(·)
being in C1((0,∞)), so we assume that this equation yields a positive u0. In the following
calculation we shall assume that K > 0; the complementary case can be covered in a very
similar fashion. For the left limit

lim
t↑u0

β ′(t) = lim
z↑U ′(0)

K I ′(z)z = lim
z↑U ′(0)

K z

U ′′ (I (z))
= lim
ϑ↓0

KU ′(ϑ)
U ′′(ϑ)

,

and this is finite by the last requirement of Definition 3.2. For the right limit

lim
t↓u0

β ′(t) = lim
z↓U ′(0)

K I ′(z)z = 0,

so we established the continuity of h(·) on [0, s).
In the remaining part of the proof we are going to show that π̂ satisfies

e−rs
̂Vs = v +

s
∫

0

π̂t dp∗
t . (4.11)

Formula (2.11) for the case of t ∈ [0, t1) gives

e−r t pt = e−rT γ (t) 1{τ>t} + e−rT F1{τ≤t}, (4.12)

where we use γ (t) = γ (t, T, x) for the sake of brevity.
We separate two cases:

Case 1: τ > s. In this case (4.11) is equivalent to

e−rsα = v + e−rT

s
∫

0

h(t)γ ′(t)dt (4.13)

Case 2: τ = u ≤ s. Now (4.11) is equivalent to

e−rsβ(u) = v + e−rT

u
∫

0

h(t)γ ′(t)dt + h(u)[e−rT F − e−rT γ (u)] (4.14)

We shall work on case 2 first. We already established that h(·) is continuous, so (4.14) holds
if it is true for u = 0, and the derivatives of both sides in every point u �= u0 are identical.
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Naturally if both sides are differentiable on (0,∞) then we disregard the u �= u0 condition
in the previous sentence. Taking derivatives of (4.14) with respect to u we get

e−rsβ ′(u) = h′(u)[e−rT F − e−rT γ (u)] = −h′(u)e−rT (1 − F)
ψ(T, r̃ , b)

ψ(u, r̃ , b)
,

which follows from (4.9). In addition, (4.14) with u = 0 follows from (4.8) and the definition
of γ (·).

Next we consider case 1. Let γ1(t) = e−rT γ (t) − e−rT F . By integration by parts, we
have

e−rT

s
∫

0

h(t)γ ′(t)dt = h(s)γ1(s)− h(0)γ1(0)−
s
∫

0

h′(t)γ1(t)dt.

In order to show that (4.13) holds for h′(t) specified in (4.9), we substitute γ1(t), (4.8) and
(4.9) into the right-hand side of the above equation after which it can be simplified to

e−rT

s
∫

0

h(t)γ ′(t)dt = 1

ψ(s)

⎡

⎣v + e−rs

s
∫

0

ψ ′(u)β(u)du

⎤

⎦− v.

We apply Lemma 4.4 here, and it is straightforward to see (using another partial integration)
that the right-hand side of the above expression is exactly e−rsα − v, which implies (4.13).

Note that the partial integrations above are correct even if h(·) and β(·) have a breakpoint,
because both functions are continuous. 
�

Below we are going to state some simple features of our solution (4.8) and (4.9). Notice
that h(·) is linear in 1/(1− F). Another interesting feature of the optimal investment process
is that the terminal wealth V̂s = I (yζs) does not depend on the maturity of the bond T . It
is worth noting that h(·) depends on x and l only through the proportion x/ l. In addition
both |h(0)| and |h′(t)| are increasing with respect to the maturity time T (this is happening
because ψ(T, r̃ , b) is decreasing in T ).

Next follows a simple intuitive derivation of (4.8). Let us suppose that default happens at
a time very close to time zero, say before time ε where ε is a small positive number. Since we
are only getting an intuitive insight into formula (4.8), we shall not make this notion more
precise. Simple accounting shows that if ε → 0 then the wealth at time s will converge to
(v−h(0)p0)ers + Fh0e−r(T −s). However, from (4.3) follows that if τ → 0 then the optimal
terminal wealth converges to β(0). Hence we must have

β(0) = (v − h0 p0)e
rs + Fh0e−r(T −s)

which gives (4.8) after rearrangement of the terms.

5 Examples

In this section we shall investigate some special utility functions.

5.1 Power and logarithmic utilities

Suppose the utility function is

Uδ(c) =
{ 1
δ
cδ, if δ < 1 and δ �= 0;

log c, if δ = 0.
(5.1)
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In this case U ′
δ(c) = cδ−1 and I (u) = u

1
δ−1 for all δ < 1.

By straightforward substitution

α = y1/(δ−1) ·
[

ψ(s, r̃ , b)

ψ(s, µ̃, b)

]1/(δ−1)

β(t) = y1/(δ−1) · exp

{

K

δ − 1
t

}

·
(

l

x

)L/(δ−1)

h(0) = erT

1 − F
· v − e−rs y1/(δ−1)( l

x )
L/(δ−1)

ψ(T, r̃ , b)

h′(t) = y1/(δ−1) · er(T −s)

1 − F
· ψ(t, r̃ , b)

ψ(T, r̃ , b)
· K

1 − δ
· exp

{

K

δ − 1
t

}

·
(

l

x

)L/(δ−1)

The optimal terminal wealth is determined by the above formulas for α, β(t), and (4.3). By
Lemma 4.4 we have

y1/(δ−1) = ersv

⎡

⎣(ψ (s, r̃ , b))
δ
δ−1 (ψ (s, µ̃, b))−

1
1−δ −

s
∫

0

exp

{

K

δ − 1
t

}(

l

x

) L
δ−1

ψ ′ (t, r̃ , b) dt

⎤

⎦

−1

.

For the utility function given in (5.1) we use the notation hδ(·) instead of h(·), and with an
eye on future developments we also write hδ(t, s, T, v, x). We summarize the above results
in the following theorem.

Theorem 5.1 The optimal investment process for the above utility function is determined by

hδ(0) = hδ(0, s, T, v, x) = v

1 − F
A(s, T, x) (5.2)

h′
δ(t) = ∂

∂t
hδ(t, s, T, v, x) = v

1 − F
B(t, s, T, x) (5.3)

where A(s, T, x) and B(t, s, T, x) do not depend on v or F. These functions are given by
the following formulae:

A(s, T, x) = C1(T, x)

{

1 − φ(s, x)

(

l

x

) L
δ−1
}

B(t, s, T, x) = C1(T, x)φ(s)ψ(t, r̃ , b)
K

1 − δ
C2(t, x)

C1(T, x) = erT

ψ(T, r̃ , b(x))

C2(t, x) = exp

{

K

δ − 1
t

}(

l

x

) L
δ−1

and

φ(s, x) =
⎧

⎨

⎩

(ψ (s, r̃ , b))
δ
δ−1 (ψ (s, µ̃, b))−

1
δ−1 −

s
∫

0

C2(t, x)ψ ′(t, r̃ , b)dt

⎫

⎬

⎭

−1

.

An important feature of this optimal investment process is that it is linear in the initial
wealth v.
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In the case of log utility (δ = 0), h0(0) and h′
0(t) can be greatly simplified because

EQ[e−rs I (yζs)] = v implies e−rs/y = v. Thus,

h0(0) = h0(0, T, v, x) = v

1 − F
· erT

ψ(T, r̃ , b(x))

[

1 −
(

l

x

)−L
]

(5.4)

h′
0(t) = ∂

∂t
h0(t, T, v, x) = v

1 − F
· erT

ψ(T, r̃ , b(x))
ψ(t, r̃ , b(x))K e−K t

(

l

x

)−L

(5.5)

It is worth noting that in this case the optimal investment process does not depend on s.
Next we calculate the value function of our optimization problem for the power and

logarithmic utility function, i.e., the maximal expected utility from terminal wealth

Wδ(v, x, s) = E
[

Uδ
(

V̂s

)]

.

Theorem 5.2 For all δ < 1, δ �= 0 the value function is

Wδ(v, x, s) = Dδ(x, s) · 1

δ
vδ, (5.6)

and for δ = 0 it is
W0(v, x, s) = D0(x, s)+ log v. (5.7)

where

Dδ(x, s) = eδrs (φ(s, x))δ

⎡

⎣(ψ (s, r̃, b))
δ
δ−1 (ψ (s, µ̃, b))−

1
δ−1 −

s
∫

0

(C2(t, x))δ ψ ′(t, µ̃, b)dt

⎤

⎦

(5.8)

and

D0(x, s) = rs − ψ(s, µ̃, b) log
ψ(s, r̃ , b)

ψ(s, µ̃, b)
− (1 − ψ(s, µ̃, b)) log

(

l

x

)L

+
s
∫

0

K tψ ′(t, µ̃, b)dt.

Proof This is an immediate consequence of (4.3)–(4.5). 
�
5.2 Negative exponential utility

Not every utility function implies a linear relationship between the optimal investment process
π and the initial wealth v. Negative exponential utility, Uθ (c) = −e−θc with θ > 0, c > 0,
is one of such counterexamples.1

1 For negative exponential utility function, we have U ′
θ (c) = θe−θc and I (u) = (1/θ)

[

log(θ/u)
]+. We de-

fine the intervals N1 =
(

0, θ (l/x)−L
)

, N2 =
(

0, θe−K t (l/x)−L
)

and N3 = (0, θψ(s, µ̃, b)/ψ(s, r̃ , b)).

It is straightforward to show that
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6 Solution for the case of long time-horizon

In this section we allow the terminal time s to be an arbitrary time point between zero and T .

6.1 Logarithmic utility

Here we consider the case of U (v) = log v. We shall proceed by backwards induction, and
in order to do so we have to consider initial times other than zero. Suppose that the present
time is ti < s for some index i , the asset value of the corporation has just been announced to
be X (ti ) = x , and the current wealth of the investor is V (ti ) = v. Also assume that default
did not happen yet, i.e., τ > ti . Let Pti ,x be the conditional probability measure given that
X (ti ) = x and τ > ti , and let E

ti ,x be the corresponding expectation. We shall now adapt the
notations in the previous sections to this situation. The asset value of the corporation Xt now
satisfies diffusion (2.1) with initial data (ti , x), and τ = τi since we assumed τ > ti (τi was
defined in (2.9)). The wealth V π

u (ti , v) at time u corresponding to an investment process π
and to wealth v at time ti is determined by the equation

e−ru V π
u (ti , v) = e−r ti v +

∫

(ti ,u]
πt dp∗

t .

Let A(i)(v, x) be the class of investment processes such that V π
u (ti , v) ≥ 0, a.s., for all

u ∈ [ti , s] and E
ti ,x [(log V π

s (ti , v))−] < ∞. The value function at time ti becomes

W (i)
0 (v, x) = sup

{

E
ti ,x
[

log V π
s (ti , v)

] ; π ∈ A(i)(v, x)
}

Suppose now that the present time is “just before” ti for some ti ≤ s (in the case of
s = T we consider only ti < s), so our information is represented by G(ti−). In this case the
information concerning the asset value of the corporation can be summarized as X (ti−1) = x ,
τ > ti . To reduce the burden of notation, let Pti −,x be the conditional probability measure
given this information, Eti −,x be the corresponding expectation, and suppose that V (ti−) = v.
It is important to note that x in this case corresponds to the asset value at ti−1 due to the
discrete nature of corporate news. The wealth V π

u (ti−, v) at time u corresponding to an

Footnote 1 continued

h(0) = erT

(1 − F)ψ(T, r̃ , b)

[

v − e−rs

θ
· 1N1 (y) · log

(

y−1θ

(

l

x

)−L
)]

h′(t) = erT

(1 − F)ψ(T, r̃ , b)
· ψ(t, r̃ , b) · e−rs

θ
K · 1N2 (y)

According to Lemma 4.4 we have an implicit representation for y in the form of

v = e−rs

θ

⎧

⎨

⎩

1N3 (y) · ψ(s, r̃ , b) log

(

θψ(s, µ̃, b)

yψ(s, r̃ , b)

)

−
s
∫

0

1N2 (y) · ψ ′(t, r̃ , b) log

(

θe−K t

y

(

l

x

)−L
)

dt

⎫

⎬

⎭

.

Unfortunately, the dependence of the right-hand side on y is complicated hence there is no simple way to
extract y in order to write down a closed form expression. Lemma 4.2 guarantees that a unique y > 0 satisfying
the above identity exists. However, the optimal portfolio process π cannot be linear in the initial wealth v.
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investment process π and to wealth v at time ti− is determined by

e−ru V π
u (ti−, v) = e−r ti v +

∫

[ti ,u]
πt dp∗

t .

Notice that in the above calculation the discounted gain, represented by the integral on the
right-hand side, is calculated on the closed interval [ti , u], so gains or losses derived from
the jump of the default bond at time ti is included in the wealth at time u.

Let A(i−)(v, x) be the class of investment processes such that V π
u (ti−, v) ≥ 0, a.s., for

all u ∈ [ti , s] and E
ti −,x [(log V π

s (ti−, v))−] < ∞. The value function at time ti− now
becomes

W (i−)
0 (v, x) = sup

{

E
ti −,x [log V π

s (ti−, v)
] ; π ∈ A(i−)(v, x)

}

.

Let j be the index for which t j < s ≤ t j+1.

Theorem 6.1 For all 0 ≤ i ≤ j there exist functions ci (x) and c̃i (x) such that

W (i)
0 (v, x) = log v + ci (x) (6.1)

W (i−)
0 (v, x) = log v + c̃i (x) (6.2)

where the functions ci (x) and c̃i (x) do not depend on v, but both may depend on s − ti ,
ti+1 − ti , ti+2 − ti , …, t j − ti , T − ti , and c̃(x) may in addition depend on ti − ti−1 as well.

W (i−)
0 (v, x) has the form given in (6.2) even if s = t j+1 < T and i = j + 1.

Proof In this proof we shall assume that s �= t j+1 (the complementary case can be covered
with a minimal modification of this proof and will be omitted). We are going to proceed by
backward induction. In step 1 we show that (6.1) holds for i = j , in step 2 we show that (6.2)
holds assuming that (6.1) holds, and finally in step 3 we shall show that (6.1) holds with i
replaced by i − 1 provided that (6.2) holds.

Step 1 follows from (5.7) since

W ( j)
0 (v, x) = W0(v, x, s − t j ),

which by (5.7) indeed gives the form required by (6.1).
We continue with step 2, i.e., assume (6.1) and show (6.2). By the dynamic programming

principle

W (i−)
0 (v, x) = sup

{

E
ti −,x

[

W (i)
0

(

V π
ti (ti−, v) , X (ti )

)

]}

where the supremum is constrained to investment processes such that V π
ti (ti−, v) ≥ 0.

Notice that this is a non-stochastic one-dimensional maximization problem, since we are
maximizing with respect to π(ti ) which, by the predictability of π can not depend on X (ti ),
so it is non-random under Pti −,x . By our assumption (6.1) the above identity can be written
as

W (i−)
0 (v, x) = sup

{

E
ti −,x {log V π

ti (ti−, v)
]}+ E

ti −,x [ci (X (ti ))] .

Let π(ti ) = λ. By (2.11) the above can be written as

W (i−)
0 (v, x)= sup

λ

{

E
ti −,x

[

log
{

v+λe−r(T −ti )
[

γ (0, T −ti , X (ti ))−γ (ti −ti−1, T −ti−1, x)
]

}]}

+E
ti −,x [ci (X (ti ))]
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with the constraint that

v + λe−r(T −ti )
[

γ (0, T − ti , X (ti ))− γ (ti − ti−1, T − ti−1, x)
] ≥ 0, Pt−,x − a.s.

By τ > ti the support of X (ti ) is (l,∞), so by Lemma A.2 in the Appendix our constrains
can be written as

v + λe−r(T −ti )
[

1 − γ (ti − ti−1, T − ti−1, x)
] ≥ 0 (6.3)

v + λe−r(T −ti )
[

F − γ (ti − ti−1, T − ti−1, x)
] ≥ 0 (6.4)

(we must consider both constraints because λ may be negative when the investor shorts the
bond). These become

λ ≥ −v
1 − γ (ti − ti−1, T − ti−1, x)

er(T −ti ) (6.5)

λ ≤ v

γ (ti − ti−1, T − ti−1, x)− F
er(T −ti ) (6.6)

We conclude that π(ti ) = λ is the solution of the (deterministic) maximization problem

sup
λ

{

E
ti −,x

[

log
{

v + λe−r(T −ti )
[

γ (0, T − ti , X (ti ))− γ (ti − ti−1, T − ti−1, x)
]

}]}

,

(6.7)

subject to constraints (6.5) and (6.6). The expression that we are maximizing is a strictly
concave function of λ, hence it achieves its maximum over the compact interval determined
by the constraints at a unique point. Due to the linearity of the constraints with respect to v and
to the algebraic properties of the logarithm function the point where the maximum is achieved
is a linear function of v. Let this maximum point be vλ̂(x) = vλ̂(x, ti − ti−1, . . . , T − ti−1).
It follows that

W (i−)
0 (v, x) = log v + E

ti −,x
[

log
{

1 + λ̂(x)e−r(T −ti )
[

γ (0, T − ti , X (ti ))

−γ (ti − ti−1, T − ti−1, x)
]

}]

+ E
ti −,x [ci (X (ti ))] (6.8)

which is indeed the form required by (6.2).
In step 3 we are showing that W (i−1)

0 (v, x) satisfies (6.1) with i replaced by i −1 provided
that (6.2) holds. By the dynamic programming principle we have

W (i−1)
0 (v, x) = sup

{

Eti−1,x
[

W (i−)
0

(

V π
ti − (ti−1, v) , x

)

]}

where the supremum is taken for admissible π ’s. However, by (6.2) and (5.7) this can be cast
into

W (i−1)
0 (v, x) = sup

{

Eti−1,x log V π
ti −(ti−1, v)

}+ c̃i (x)

= log v + D0(x, ti − ti−1)+ c̃i (x)

which is indeed the form required by (6.1). 
�
For the purposes of writing down the optimal investment process recall the function

h0(t, T, v, x) from (5.4) and (5.5). Also recall that the function λ̂(x) is defined so that (6.7)
achieves its unique maximum at λ = vλ̂(x), subject to constraints (6.5) and (6.6). In other
words, λ̂(x) is the point where (6.7) achieves the supremum under constrains (6.5) and (6.6)
with v = 1.
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Theorem 6.2 At a time t ≤ s such that t ∈ (ti , ti+1) for some i ≤ j the optimal investment
is

π̂t 1{τ>t} = h0(t − ti , T − ti , V (ti ), X (ti ))1{τ>t}.

This formula is correct for t = 0 as well with the selection of ti = 0. Additionally, this gives
the value of the optimal investment process at time t = T if s = T in which case i = n − 1.
For all i ≤ j the optimal investment process at time ti is

π̂(ti )1{τ>ti } = V (ti−)λ̂ (X (ti−1)) 1{τ>ti }. (6.9)

This is correct for i = j + 1 as well if s = t j+1 < T .

Proof This follows from the Theorem 6.1 and its proof. In the case of s = T we have to
consider the fact that the bond price is left-continuous at the maturity time T . 
�
Remark 6.3 An interesting feature of the logarithmic utility function is that the optimal
investment process does not depend on the terminal time s.

For the actual computation of λ̂(x) we need the conditional distribution of X (ti ) given
that X (ti−1) = x and τ > ti . This is given in Lemma A.3 in the Appendix.

Corollary 6.4 Assume that the utility function is the logarithmic utility. If µ = r then for
each i ≤ j (as well as for i = j + 1 if s = t j+1 < T ) the optimal investment value
π̂(ti )1{τ>ti } is zero. In other words, there will be zero investment in the µ = r case at the
time of the corporate news.

The proof is deferred to the Appendix.

6.2 Power utility

In this subsection, the utility function is assumed to be the power function with parameter
δ < 1, δ �= 0 given in (5.1). Since the results are essentially analogous to those in section A,
we shall only state the main results and outline the proofs without providing details.

Define the value function for the power utility similarly to section A, i.e.,

W (i)
δ (v, x) = sup

{

E
ti ,x
[

1

δ

(

V π
s (ti , v)

)δ
]

; π ∈ A(i)(v, x)

}

,

and

W (i−)
δ (v, x) = sup

{

E
ti −,x

[

1

δ

(

V π
s (ti−, v)

)δ
]

; π ∈ A(i−)(v, x)

}

.

Recall that j is the index for which s ∈ (t j , t j+1].
Theorem 6.5 For all i ≤ j there exist functions cδ,i (x) and c̃δ,i (x) such that

W (i)
δ (v, x) = 1

δ
vδ · cδ,i (x) (6.10)

W (i−)
δ (v, x) = 1

δ
vδ · c̃δ,i (x) (6.11)

W (i−)
δ (v, x) has the form given in (6.11) even if s = t j+1 < T and i = j + 1.
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Proof Outline. Step 1: We assume that s �= t j+1. From (5.6) follows that

W ( j)
δ (v, x) = Wδ(v, x, s − t j ) = Dδ(x, s − t j ) · 1

δ
vδ.

Therefore,
cδ, j (x) = Dδ(x, s − t j ). (6.12)

Step 2: Assume that (6.10) holds. By the dynamic programming principle

W (i−)
δ (v, x) = sup

{

E
ti −,x

[

W (i)
δ

(

V π
ti (ti−, v) , X (ti )

)

]}

= sup

{

E
ti −,x

[

1

δ

(

v + λe−r(T −ti )
[

γ (0, T − ti , X (ti ))

−γ (ti − ti−1, T − ti−1, x)
]

)δ

cδ,i (X (ti ))

]}

(6.13)

where λ = π(ti ). Here the supremum is taken over all λ’s satisfying the admissibility
constrains of (6.5) and (6.6).

The expression after the sup on the right-hand side of (6.13) is a strictly concave (determi-
nistic) function of λ, therefore the supremum over a compact interval is achieved at a unique
point. In addition, the point where the supremum is achieved is a linear function of v. Denote
by λ̂(x) the function such that the supremum is achieved at λ̂(x)v. Now we have

W (i−)
δ (v, x) = 1

δ
vδEti −,x

[(

1 + λ̂(x)e−r(T −ti )
[

γ (0, T − ti , X (ti ))

−γ (ti − ti−1, T − ti−1, x)
])δ

cδ,i (X (ti ))
]

which is indeed of the form required by (6.11), with

c̃δ,i (x) = E
ti −,x

[

(

1 + λ̂(x)e−r(T −ti )
[

γ (0, T − ti , X (ti ))

−γ (ti − ti−1, T − ti−1, x)
]

)δ

cδ,i (X (ti ))

]

. (6.14)

Step 3: Assume that (6.11) holds. Using again the dynamic programming principle we can
show that

W (i−1)
δ (v, x) = 1

δ
vδ · Dδ(x, ti − ti−1) · c̃δ,i (x)

where Dδ(·, ·) is given in (5.8). It is clear that

cδ,i−1(x) = Dδ(x, ti − ti−1) · c̃δ,i (x). (6.15)


�
In order to compute the optimal investment process, we have to calculate the functions c̃δ,i

for all i = 1, 2, . . . , n − 1. This makes the power utility much more computation extensive
than the logarithmic utility. The computation can be done by backward induction using
(6.12)–(6.15).

The optimal investment process for t ∈ (ti , ti+1) such that t ≤ s is given by

π̂t 1{τ>t} = hδ(t − ti , s − ti , T − ti , V (ti ), X (ti ))1{τ>t},
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Fig. 1 Case 1: µ > r and σ 2 > µ+ r , l/x = 0.5, K and L are close to 0

where the hδ function is determined by (5.2) and (5.3). This formula is correct for t = 0 and
t = T as well (the latter is relevant only if s = T ). In the case of t = 0 we select ti = 0, and
in the case of t = T we select i = n − 1 (for the t = T case keep in mind that the bond price
is left-continuous at T ). For all 1 ≤ i ≤ j the optimal investment process at time ti is given
by (6.9),where now λ̂(x) is the unique point where the supremum on the right-hand side
of (6.13) is achieved, under the constraints (6.5) and (6.6), and with v = 1. This is correct
for i = j + 1 as well if s = t j+1 < T . In order to compute λ̂(x) we need the conditional
distribution of X (ti ) given that X (ti−1) = x and τ > ti , which is calculated in Lemma A.3
of the Appendix.

7 Numerical analysis for the logarithmic utility function

The logarithmic utility function is an important case worth further discussion, because maxi-
mizing the expected logarithm of terminal wealth of an investor amounts to maximizing the
expected return rate of her or his portfolio. In addition, the optimal investment process, given
in (5.4) and (5.5) has a particularly simple form; it is linear in the initial wealth v, and does
not depend on the terminal time s.

In Fig. 1 through Fig. 4 we show the percentage of the portfolio invested in the bond
(i.e., 100 × π(t)p(t)/v(t)) as a function of time, presuming that default does not occur
by the time 0.36. With the notation of (4.7) these plots show the graph of the function
t �→ 100 × h0(t)p(t)/v(t). For brevity we shall refer to the percent of the portfolio invested
in the bond as PIB. We illustrated the following four cases: case 1, µ > r and σ 2 > µ+ r ;
case 2,µ > r and σ 2 < µ+r ; case 3,µ < r and σ 2 > µ+r ; case 4,µ < r and σ 2 < µ+r .
We selected these four cases because in the first case h0(0) > 0 and K < 0, in the second
case h0(0) > 0 and K > 0, in the third case h0(0) < 0 and K > 0, and in the fourth case
h0(0) < 0 and K < 0. We note that h0(·) is increasing if K > 0 and decreasing if K < 0.
For the purpose of illustration, we set v = $10, 000, T = 5, F = 0.4, x = $1, 000, 000,
l/x = 0.5. Various values of µ, r and σ are listed below the corresponding graphs. We
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Fig. 2 Case 2: µ > r and σ 2 < µ+ r , l/x = 0.5, K and L are close to 0
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Fig. 3 Case 3: µ < r and σ 2 > µ+ r , l/x = 0.5, K and L are close to 0

plotted the graph of 100×h0(·)p(t)/v(t) on the time horizon [0, 0.36]. We assume quarterly
announcements of the firm’s asset values, so during the time period [0, 0.36] there is one
announcement at time 0.25. In these plots, a negative PIB value means a short position in the
bond.

From (2.11) follows that the return rate of the bond before default is always higher than r
(because the discounted bond price is increasing w.r.t. time t). There are two cases, the
investor is holding either long or short positions in the bond. In the former case he/she is
earning a higher than r interest rate in the hope that default will not happen. In the second
case he/she is losing money up to default, but hoping that default will happen which will
then bring in a rather large profit. Thus intuitively the investor should hold a long position in
the bond if the default probability is “small”, and a short position if the default probability
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Fig. 4 Case 4: µ < r and σ 2 < µ+ r , l/x = 0.5, K and L are close to 0

is “large”. This intuition is nicely supported by the fact that h0(0) and also the PIB value is
positive, negative, or zero according to µ > r , µ < r , or µ = r (see (5.4) and the definition
of L in Lemma 4.3). Clearly the probability of default happening by time s, that is, P(τ ≤ s)
is a decreasing function of µ (keeping all other parameters the same).

Looking at Figs. 1, 2, 3 and 4 it is apparent that the investor has different behaviors
between the quarterly financial announcements and exactly at (or one may say infinitesimally
before) the announcements. Following is the explanation of this phenomenon. The investment
position in the bond between the announcements at time s is basically determined by the
likelihood of default by the time of the next announcement and the size of the jump of
the bond price at the time of a possible default. The conditional probability of not having
default by the time of the next announcement given that there was no default up to now is an
increasing function of the present time, i.e., P[τ > t1 | τ > s] is increasing on s ∈ [0, t1].
On the other hand, the absolute value of the discounted jump size is an increasing function
of τ (see (2.11)). These two factors compete in determining the PIB value at a time between
two announcements. Since the conditional default probability is decreasing, one would be
tempted to increase the PIB value. On the other hand, if there is a default then the absolute
value of the jump size is getting larger with time, which would motivate the investor to
decrease the PIB. However, at a time infinitesimally prior to the time of an announcement
the default has no influence on the position of the investor, since there is zero probability
that default would happen exactly at the time of the announcement of the asset value. At the
time of the announcement the investor knows that there will be a jump in the bond price,
makes the best statistical estimate of that jump and changes her/his position so that she or
he gains as much utility from the jump as possible, while keeping in mind the admissibility
constraints (6.5) and (6.6).

In examples 1–4 the PIB value increases or decreases extremely slowly between two
consecutive asset value announcements. It can be seen in Table 1 that in case 2 the change of
the PIB value is 0.67% in a quarter of a year (increases from 103.5 to 104.17%), and in the
other three cases the change is even tinier. From a practical standpoint one can say that the
PIB value is constant between announcements in cases 1–4. The PIB value can change more
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Fig. 5 Case 1: µ > r and σ 2 > µ+ r , l/x = 0.5, K and L are close to 0

considerably (see Fig. 7) if the debt ratio l/x is very large (in the cases shown in Fig. 7 we
have l/x = 0.95).

We interpret case 1 and 3 here (Figs. 1 and 3 respectively) more in detail. In case 1,
the investor decides to buy the bond at time zero, because the expected return rate of the
asset value is greater than the interest rate. The investor is continually making profit on the
time interval [0, 0.25) because the bond increases at a higher rate than r , if default does not
happen by the time of the next announcement at t = 0.25. (By making profit we mean that
the discounted value of the portfolio is increasing.) The portfolio increases from 10,000 at
time zero to 10,305 at t = 0.25. If all the initial capital had been invested in the bank only,
the value at r = 5% would be 10,126 only. There would be a sizable loss if default happened.
However, the probability of default before time t = 0.25 is only about 0.09 (see Fig. 5).
At time t = 0.25−, the investor increases her or his position significantly, the PIB value
grows from 27.37% to 31.16% (see Fig. 1 or Table 1). Strictly on the intuitive level one could
explain this with the fact that sinceµ is large, we expect the soon to be announced asset value
to be rather large. Then it follows that the bond price is more likely to have a positive than a
negative jump. In order to profit from this jump the investor takes more long positions in the
bond. We hypothetically set the value of the Brownian motion driving the firm asset value
one standard deviation above its mean at t = 0.25, i.e., w0.25 = 0.5. Then the firm asset
value arrives at x = $1, 248, 806, much higher than that at time zero. As shown in Table 1,
the bond price increases from $0.182 at t = 0.25− to $0.2428 at t = 0.25, and the investor
gains from the jump; the portfolio value increases from $10,305 to $11,177. After the jump
the PIB value goes up to 33.1%.

In case 3 the investor shorts the bond at time zero since the mean return rate of the asset
value is below the interest rate (µ < r ). Since the bond grows at a rate higher than r , shorting
the bond amounts to a (small) loss, in case there is no default. However, if there is a default
then the investor makes a profit. In our case the value of the portfolio at t = 0.25− is $10,124
provided that default did not happen, slightly below the $10,126 figure that would be the
value if all the capital had been invested in the bank only. Should a default happen in case
3 say at time t = 0.20, the bond price would drop and the portfolio value would jump from
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Fig. 7 µ < r and l/x = 0.95, K and L are far from 0

$10, 100 to $11, 900, earning $1, 800. The probability of default by time t = 0.25 is very
small, about 0.0025 (see Fig. 6). However, the cost of shorting the bond in the case of no
default is very tiny as seen above. At time t = 0.25− the PIB value changes from −17.87%
to −16.67%. This can be explained by the fact that µ is small, so the soon to be announced
asset value is expected to be rather small, hence the investor expects a downwards jump in
the bond price. In our illustration we suppose that the firm asset value drops only slightly at
t = 0.25. As shown in Table 1, this causes the bond price to drop a bit, from $.5159 to $.4831.
The investor’s portfolio value grows from $10, 124 to $10, 240. After the announcement the
PIB level goes up to −16.39%.

The next question we consider here is whether an investor would switch from holding
long positions to holding short, or the other way around between announcements. We shall
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show that such switches are rare due to practical constraints. It can be seen from (5.4) and
(5.5) that such switch occurs only if σ 2 > µ+ r . We first consider the case of µ > r , which
implies the investor starts with a long position (h0(0) > 0) and reduces her or his position
over time (K < 0 and h′

0(t) < 0). Clearly, the necessary condition of observing h0(t) < 0
for some t ≤ .25 is

1 −
(

l

x

)−L

+ K

(

l

x

)−L t
∫

0

e−K uψ(u, r̃ , b)du < 0.

Since 0 ≤ ψ(t, r̃ , b) ≤ 1 and t ≤ .25, the above condition implies

1 −
(

l

x

)−L

e−.25×K < 0,

which gives

l

x
> exp

{

−1

8
[σ 2 − (µ+ r)]

}

.

In the case of µ < r , the exactly same necessary condition is concluded.
The right-hand side of the above expression decreases inσ , so the higher the asset volatility

is, the more likely we observe a position switch. However, even for a very large volatility
the debt ratio l/x must be very large in order to observe a position switch within a quarter
of a year. For example, suppose that µ+ r ≥ 0 and the volatility is as large as σ = 0.5. Our
necessary condition for a position switch becomes l/x > exp{− 1

8 ×0.52} = 0.97. However,
in this case the bond (presumably having a very low rating at this point) is a nuance away
from default, and very likely will default before such position switch would take place.

8 Conclusion

The major contribution of this paper is deriving the optimal investment in a defaultable zero
coupon bond assuming a discrete information flow concerning the firm’s asset value at speci-
fied time points. The methodology we present here can be applied to general utility functions.
For the logarithmic and power utility functions we presented closed-form expressions for the
investment strategy, which can be easily implemented. As an important example, we numeri-
cally analyzed the strategy for an investor who wants to maximize her or his expected return
rate. We observed that under various reasonable parameter settings the investor changes her
or his bond position very slowly between successive news releases, and most of the changes
in the optimal portfolio happen “just after” each news release. Most of the gains (and pos-
sible losses) are realized at the time of the news releases and at the time of default in case it
happens.

Appendix A

We start this section with an example showing that our market model is not complete. This
amounts to showing that there exist Gt -measurable random variables, i.e., contingent claims
with expiration t that can not be replicated in this model. Let us select t = t1 and let the payoff
at time t1 be Y = 1{τ>t1} f (X (t1))where the function f (·)will be determined below. Suppose
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that Y can be replicated by a trading strategy π of the form πu = ϕ(u)1{τ≥u} + ϕ(τ)1{τ<u},
u ≤ t1 (similarly to (4.7)). By (3.1) and (4.11) we have

exp{−r t1} f (X (t1)) = v + e−rT

t1
∫

0

ϕ(t)γ ′ (t, T, X0) dt

+ϕ(t1)e−rT [γ (0, T − t1, X (t1))− γ (t1, T, X0)
]

.

This identity clearly imposes a special form on the function f (·), i.e., we must have f (x) =
c1 + c2γ (0, T − t1, x) for some constants c1, c2 for every x > l. Selecting any different f (·)
will yield an unhedgable contingent claim.

Lemma A.1 For all κ < 0, we have the following alternative formula for ψ :

ψ(t, λ, κ) = �

(

− κ√
t

+ λ
√

t

)

− e2λκ�

(

κ√
t

+ λ
√

t

)

(A.1)

where � is the standard normal distribution function.

Proof The right-hand side converges to 1 as t → 0, and it is straightforward to show that its
derivative with respect to t agrees with that of the right-hand side of (2.7). 
�
Lemma A.2 For all u > 0 we have supz>l γ (0, u, z) = 1 and inf z>l γ (0, u, z) = F.

Proof From the definition of γ (0, u, z) in (2.7) immediately follows that F ≤ γ (0, u, z) ≤ 1
and γ (0, u, l) = F . Next we show that limz→∞ γ (0, u, z) = 1. By (2.7) it suffices to show
ψ(t, r̃ , b(z)) → 1, as z → ∞. However,

ψ(t, r̃ , b(z)) = Q[τ > t | X0 = z] = Q

(

inf
0≤u≤t

˜Wu + r̃u > b(z)

)

which indeed converges to 1 since limz→∞ b(z) = −∞. 
�
Lemma A.3 For i = 1, 2, . . . , n − 1 the conditional distribution of X (ti ) given that
X (ti−1) = x and τ > ti is given by

P
[

X (ti ) > z | X (ti−1) = x, τ > ti
] =

{

ϕ(z, ti − ti−1, x), if z > l;
1, if z ≤ l.

where

ϕ(z, t, x) = (ψ(t, µ̃, b))−1
[

�

(

1

σ
√

t
log

x

z
+ µ̃

√
t

)

− e2bµ̃�

(

1

σ
√

t
log

l2

xz
+ µ̃

√
t

)]

.

Here b = b(x) given in (2.6) and � is the standard normal distribution function.

Proof The case of z ≤ l is straightforward so we only consider the case of z > l. By the
time homogeneity of Xt , we have

P
[

X (ti ) > z | X (ti−1) = x, τ > ti
] = P

[

X (ti − ti−1) > z | X0 = x, τ > ti − ti−1
]

.

For brevity, we use t = ti − ti−1, so the above probability is equal to

P[Xt > z, τ > t | X0 = x]
P[τ > t | X0 = x] . (A.2)
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The denominator is ψ(t, µ̃, b(x)) with b(x) given in (2.6); we need to compute the nu-
merator. Let Yt = Wt + µ̃t , then log Xt = log x + σYt and τ = inf{u ≥ 0 : Yu ≤ b}. Let
Qt be a probability measure, equivalent to P , given by

d Qt

d P
= exp

{

−µ̃Wt − µ̃2

2
t

}

= exp

{

−µ̃Yt + µ̃2

2
t

}

,

and Et be the corresponding expectation. From Girsanov’s theorem [14] follows that {Yu;
u ≤ t} is a Brownian Motion under Qt . The numerator of (A.2) can be written as

P

[

Yt >
1

σ
log

z

x
, τ > t

]

= Et

[

1{
τ>t, Yt>

1
σ

log z
x

} exp

{

µ̃Yt − µ̃2

2
t

}]

.

Let b′ = 1
σ

log z
x . We assumed z > l so we have b′ > b. The above expression is equal to

Et

[

1{Yt>b′} exp

{

µ̃Yt − µ̃2

2
t

}]

− Et

[

1{τ≤t, Yt>b′} exp

{

µ̃Yt − µ̃2

2
t

}]

By straightforward calculation the first expectation in this expression is

�

(

1

σ
√

t
log

x

z
+ µ̃

√
t

)

.

In order to evaluate the second expectation, we apply the reflection principle. We reflect
Y on the level b < 0 after τ , and denote the reflected process by ˜Y which is also a Brownian
motion under Qt . Then Yt = 2b − ˜Yt on the event {τ > t}, hence the second expectation
becomes

Et

[

1{τ≤t, ˜Yt<2b−b′} exp

{

µ̃(2b − ˜Yt )− µ̃2

2
t

}]

Since 2b − b′ < b, this is

Et

[

1{˜Yt<2b−b′} exp

{

µ̃(2b − ˜Yt )− µ̃2

2
t

}]

,

which can be easily seen to be equal to

e2bµ̃�

(

1

σ
√

t
log

l2

xz
+ µ̃

√
t

)

.


�
Remark Expression (A.1) for ψ verifies that the conditional distribution function computed
in the above lemma is continuous at z = l as expected.

Proof of Corollary 6.4 Differentiating the quantity after the supremum sign in (6.7) with
respect to λ and then substituting λ = 0 gives

Eti −,x
[

1

v
e−r(T −ti ) {γ (0, T − ti , X (ti ))− γ (ti − ti−1, T − ti−1, x)}

]

which can be written as

1

v
E
[

p(ti )− p(ti−) | τ > ti , X (ti−1) = x
]

.
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Notice that µ = r implies P ≡ Q and that {p∗
t ,Gt ; t ≤ T } is a Q-martingale, hence also

a P-martingale. But this implies that the above quantity is zero. Now from the concavity
of the function we are maximizing follows that the maximum is achieved at λ = 0 (which
obviously satisfies the constraints (6.5) and (6.6)).
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